SMOOTHINGS OF SCHEMES WITH NON-ISOLATED 
SINGULARITIES 



NIKOLAOS TZIOLAS 

Abstract. In this paper we study the deformation and Q-Gorenstein defor- 
mation theory of schemes with non-isolated singularities. We obtain obstruc- 
tion spaces for the existence of deformations and also for local deformations 
to exist globally. Finally we obtain explicit criteria in order for a pure and re- 
duced scheme of finite type over a field k to have smoothings and Q-Gorenstein 
smoothings. 



1. Introduction 

The purpose of this paper is to describe the deformation and Q-Gorenstein defor- 
mation theory of schemes defined over a field k with non-isolated singularities and 
to obtain criteria for the existence of smoothings and Q-Gorenstein smoothings. 
The motivation for doing so comes from many different problems. Two of the most 
important ones are the compactification of the moduli space of surfaces of general 
type (and its higher dimensional analogues) and the minimal model program. 

Let E C be the germ of a smooth curve and let U = C — 0. It is well 
known |KSB88j . |Ale06j that any family fu : Xjj — > U of smooth surfaces of general 
type over U can be completed in a unique way to a family / : X — > C such that 
^X/C IS mver tible and ample for some k > and the central fiber X = / _1 (0) is 
a stable surface. A stable surface is a proper two-dimensional reduced scheme X 
such that X has only semi-log-canonical singularities and is locally free and 
ample for some k > 0. Hence the moduli space of surfaces of general type can 
be compactified by adding the stable surfaces. Therefore it is interesting to know 
which stable surfaces are smoothable and which are not. For an overview of recent 
advances in this area, and the higher dimensional analogues, we refer the reader 
to |Ale06j . 

There are two applications from the minimal model program related to the 
smoothability problem that we would like to mention. 

1. The outcome of the minimal model program starting with a smooth n- 
dimensional projective variety X is a terminal projective variety Y such that either 
Ky is nef, or Y has a Mori fiber space structure, which means that there is a 
projective morphism / : Y — > Z with —Ky /-ample. Suppose that the second case 
happens and dimZ = 1. Let z E Z and Y z — Then Y z is a Fano variety 

of dimension n — 1 and Y is a Q-Gorenstein smoothing Y z . In general Y z has non- 
isolated singularities and may not even be normal. Hence the classification of Mori 
fiber spaces in dimension n is directly related with the classification of smoothable 
Fano varieties of dimension n — 1. 
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2. One of the two fundamental maps that appear in the context of the three di- 
mensional minimal model program is an extremal neighborhood. A 3-fold terminal 

extremal neighborhood [Ko-Mo92] is a proper birational map A c Y A X 3 P 
such that Y is the germ of a 3-fold along a proper curve A, A re d = f~ l (P), X 
and Y are terminal, and —Ky is /-ample. An extremal neighborhood is the local 
analogue of a flipping contraction or a divisorial contraction that contracts a divisor 
onto a curve. In this setting then, Y is a one-parameter Q-Gorenstein smoothing 
of the general member H £ \Oy\. The singularities of H are in general difficult 
to understand and it may even be non-normal. Of course there are natural higher 
dimensional analogues of the previous construction. 

It is therefore of interest to study the deformation theory of schemes with non- 
isolated singularities and to obtain criteria for a scheme X to be smoothable. The 
case when X is a reduced scheme with normal crossing singularities has been ex- 
tensively studied by R. Friedman [Fr83 . In particular he obtained a condition 
called d-semistability in order for X to be smoothable with a smooth total space 
and he studied the obstruction theory for a d-semistable scheme to be smoothable. 
As an application of his methods he showed that any d-semistable K3 surface is 
smoothable. H. Pinkham and U. Persson have studied the problem of whether a 
d-semistable scheme is smoothable and they have obtained examples that this is 
not always so |PiPe83j . Later, Y. Kawamata and Y. Namikawa |KawNam94 have 
defined and studied the notion of logarithmic deformations of a normal crossing re- 
duced scheme and they extended Friedman's result on the smoothability of normal 
crossing K3 surfaces, to higher dimensional normal crossing Calabi-Yau varieties. 

Typically, one first studies this problem locally and then globally. The local 
problem is to study which singularities are smoothable and the global is to find ob- 
structions for the local smoothings to exist globally. If X has isolated singularities 
only, then it is well known that H 2 (Tx) is an obstruction space for the globalization 
of the local deformations. Hence if X is locally smoothable and H 2 (Tx) = then 
X itself is smoothable. However, if the singular locus of X has dimension bigger 
than one, then there are examples of locally smoothable varieties whose obstruction 
in H 2 (Tx) is zero which are not globally smoothable [PiPc83j. The reason behind 
this is that if the singularities are not isolated, then there are many local automor- 
phisms of deformations that do not lift to higher order. Another major difference 
between the isolated and non- isolated singularities case is that Schlessinger's cotan- 
gent cohomology sheaves T l (X) do not have finite support anymore but they are 
sheaves supported on the singular locus of A, and are in general very difficult to 
describe |Tzi09j . 

In this paper we make an effort to present a systematic study of the deforma- 
tion theory of schemes with positive dimensional singular locus and write a few 
smoothability and nonsmoothability criteria. Some of the results that we prove are 
already known and many others are to our knowledge new. We have tried to get 
the most general results with the fewest possible restrictions on the singularities. 
We hope this paper will be a useful reference to anyone using deformation theory. 

This paper is organized as follows. 

In section 3 we define the deformation functors Def(Y,X) and Def qG (Y, X) 
where Y C X is a closed subscheme of a scheme X defined over a field k. If Y = X 
then these are the usual deformation and Q-Gorenstein deformation functors of X. 
If P £ X is an affine isolated singularity then Def(P,X) = Def(P £ X) is the 
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functor of algebraic deformations of isolated singularities defined by Artin [Art76[ 
Definition 5.1]. More generally, if Y ^ X then these are deformation functors of X, 
the formal completion of X along Y with certain algebraizability conditions that 
are explained in Definition 13.21 They are algebraic analogues of deformations of 
germs of analytic spaces. We also define the local deformation functors Defi oc (Y, X) 
and Def1^ c (Y, X) which parametrize local deformations of Y C X. In almost all 
applications, and for the deformation functors to have good properties, we will 
assume that Y contains the singular locus of X. 

In section 4 we describe the tangent spaces T 1 (y, X), T* G (Y, X) of Def(Y,X) 
and Def qG (Y, X). Moreover, in Proposition 14.21 we obtain the local to global se- 
quence for the functors Def(Y,X) and Def q (Y,X) which is a generalization of 
the usual local to global sequence for Def(X) [Ser06| Theorem 2.4.1]. 

In section 5 we study the existence of a pro-representable hull for the deformation 
functors defined in section 3. It is known that Def(Y,X) has a pro-representable 
hull if its tangent space T 1 (y, X) is finite dimensional Sch68 . In Theorem 15.41 we 
show that this also holds for Def q (Y, X) and in Theorem 15. 51 we show that under 
some strong restrictions on the singularities of X, Def qG (Y,X) and Defi oc (Y, X) 
have a hull too. Finally in Proposition 15.31 we exhibit some cases when T 1 (F, X) 
and Tq G (Y, X) are finite dimensional over the base field k. 

In sections 6 and 7 we explain the main technical tool that we use to study the 
deformation theory of X, Kawamata's T 1 -lifting property |Kaw92j . [Kaw97j . 

In section 8 we use the T 1 -lifting property to study the global deformation the- 
ory of Y C X. In particular, in Theorem 18.11 we show that if X is a pure and 
reduced scheme defined over a field of characteristic zero and X — Y is smooth, then 
Ext^(f2x,0x) ^ s an obstruction space to lift a deformation X n £ Def(Y, X)(A n ) 
to A n+ i, where X is the formal completion of X along Y and A n = k[t]/ (t n+1 ). 
Moreover, we exhibit an explicit obstruction element. 

In section 9 we study the problem of when local deformations of Y C X exist 
globally. The main results are, 

(1) In Proposition 19. II we show that under very strong restrictions on the sin- 
gularities of X, the global to local map 

tt: Def(Y,X)^Defi oc (Y,X) 

is smooth if H 2 (Tx) = 0, where Tx is the completion of Tx along Y. 
However, in general n may fail to be smooth. This is in contrast to the case 
of isolated singularities when it is well known that the global to local map 
is smooth if H 2 (T X ) = 0. 

(2) To get around the failure of tt to be smooth, for any small extension 

^ J -> B -» A->0 

and any Xa £ Def(Y,X)(A) we define the spaces Def(XA/A, B) and 
Defi oc (XA/A, B), parametrizing global and local liftings of Xa to B with 
certain local compatibility conditions that are explained in Definition 19.21 
In Theorem 19.41 we describe them and we show that there is an exact se- 
quence 

-» H\f x ® J) A Def{X A /A, B) A Def loc (X A /A, B) ^ H 2 (f x ® J) 
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generalizing the first order global to local exact sequence. Moreover we 
show that there are two successive obstructions in H°(T 2 (X) ® J) and 
ff^T^X) O J) in order that Defi oc {X A /A,B) ^ 0. If these obstructions 
vanish, then there is another obstruction in H 2 (Tx <8> J) in order that 
Def(XA/A, B) ^ 0, i.e., for the local deformations to exist globally. These 
obstruction spaces were well known if X = Y |Har04] . 

In section 10 we extend all results obtained for the functor Def(Y, X) to Def qG (Y, X). 
We do this by using the fact that locally any Q-Gorenstein deformation of X is in- 
duced by a deformation of its index 1 cover KSB88 . 

Let X be a scheme of finite type over a field k and / : X — > £ be a deformation of 
X over the spectrum of a discrete valuation ring (R, m). In section 11 we compare 
properties of the global deformation / with properties of the associated formal 
deformation /„: X n — > S n , where S n = Speci?/m" +1 and X n — X x s S n . In 
particular we obtain criteria on the associated formal deformation in order for the 
global one to be a smoothing. This is important because the deformations obtained 
with our methods are only formal and not necessarily algebraic. Then if they are 
algebraic it is of interest to know which properties of the global deformation can 
be read from properties of the associated formal deformation. 

In section 12 we apply the theory developed in the previous sections to give some 
smoothing and non-smoothing criteria for a pure and reduced scheme of finite type 
over a field k. The main results are, 

(1) Let D be either Def(X) or Def qG (X). In Theorem [123] we show that 
if at any generic point of its singular locus, X is normal crossings and 
H°(p(Tl(X))) = H^(p(Tl(X))) = 0, then X is not smoothable, where 
p(Tp(X)) is the quotient of T^(X) by its torsion and Z is the support of 
the torsion part. As a special case we get that if X is normal crossings and 
ff^T^X)) = 0, then X is not smoothable. 

(2) In Theorem 112.51 we show that if X is a locally smoothable Q-Gorenstein 
scheme such that the index 1 covers of all its singular points have complete 
intersection singularities, T^ G (X) is finitely generated by its global sec- 
tions and ^(T^X)) = H 2 (T X ) = 0, then X has a formal Q-Gorenstein 
smoothing. Various other more specialized smoothing criteria are given as 
well. 

In section 13 we apply the theory developed earlier in order to give examples 
in the context of the moduli of stable surfaces and the three dimensional minimal 
model program. First we give two examples of non-smoothable stable surfaces. 
The components of the moduli space of stable surfaces that these surfaces belong 
to, do not contain any smooth surfaces of general type and hence these are extra 
components that appear by compactifying the moduli space of surfaces of general 
type. Finally, by deforming a particular non-normal surface H, we construct a 
three dimensional divisorial extremal neighborhood / : Y — > X such that H is the 
general member of | Oy \ . 

2. Preliminaries 

(1) All schemes in this paper are separated and Noetherian defined over a field 
k. Additional properties will be stated as needed. 

(2) We denote by Art(k) the category of Artin local fc-algebras. 
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(3) For any coherent sheaf T on a scheme X, we denote = (F® n )**. 

(4) Let F : Art(k) — > Sets be a deformation functor. Then, following the 
notation introduced by Schlessinger |Sch68|, its tangent space is the set 
F{k[t]/{t 2 )) and is denoted by T£. 

(5) A small extension of local Artin fc-algebras is a square zero extension 

^ J -► B -» A^O 

of local Artin fc-algebras (A,rriA), (B,itib) such that J is a principal ideal 
of B and tub J — (and therefore J = k as a £?- module). 

(6) Let X — > y be a morphism of Noetherian separated schemes and T a co- 
herent sheaf on X. Then by T % (X/Y, J 7 ) we denote Schlessingers cotangent 
cohomology sheaves [Li-Sch67] . 

(7) Let X be a scheme. A formal deformation of X, is a flat morphism of formal 
schemes f : X — * ©, where © = SpecfR, (i?, m^) is a complete local ring and 
such that X = X x @ Specf (R/m r) . Equivalently, a formal deformation of X 
over (J?, mil), is a collection of compatible deformations /„ : X n — » Speci? n , 
for all n G Z>o, where i?„ = R/m 7 ^ . Suppose that X is of finite type 
over a field fc. Then the formal deformation is called effective if and only if 
there is a flat morphism of finite type / : X — > S — Speci? of schemes with 
X = X X5 Spec(i?/mii) = X and such that X = X, the formal completion 
of X along X. In this case, f is called the associated formal deformation of 
/. If in addition, / is induced from a deformation /': X' — > SpecA, where 
(A, tua) is a localization of a finitely generated fc-algebra such that A = R, 
then the deformation is called algebraic. 

(8) A reduced scheme X is called Q-Gorenstein if and only if it is Cohen- 
Macauley, Gorenstein in codimension 1 and there is n G Z>o such that u>^ 
is invertiblc. 

(9) A smoothing of a scheme A is a flat morphism / : X — » T = Speci?, where 
(R,m) is a discrete valuation ring, such that X x-r Spec(i?/m) = X and 
the generic fiber X Xj- Speci^i?) is smooth over K(R). If in addition X is 

Q- Gorenstein and there is n G Z>o such that w #\ T is invertible, then the 
smoothing is called Q-Gorenstein. To avoid degenerate situations we will 
assume that X is either a local scheme and / a morphism of local schemes, 
or X and / are proper and of finite type. 

3. The Deformation Functors. 

First we recall the definition of an etale neighborhood of a closed subscheme Y 
of a scheme X |Cox78j . 

Definition 3.1. Let A be a Noetherian scheme defined over a field fc and Y C X 
a closed subscheme of it. An etale neighborhood of Y in X is an etale morphism 
Z -> X such that Z x x Y = Y. 

Next we define the deformation functors that we are going to study in this paper. 

Definition 3.2. Let X be a Noetherian scheme defined over a field fc and Y C X 
a closed subscheme of it. Let X be the formal completion of X along Y. Then 
Def(Y, X) : Art(k) — ► Sets is the functor such that for any finite local Artin fc- 
algebra A, Def(Y,X)(A) is the set of isomorphism classes of flat morphisms of 
formal schemes / : X — * Specf A such that 
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(1) X xspccfA Specffc = A. 

(2) There is an open cover Ui of X and flat morphisms of schemes fi : Ui — * 
SpecA such that 

(a) Ui xg pcCj 4 Specfc is a local etale neighborhood of Y in A. 

(b) Ui — > Specf A is the formal completion of Ui — > SpecA along Y . 

Next we define the notion of Q-Gorenstein deformations and the corresponding 
deformation functor Def q (Y, X). In order for this to make sense it is necessary 
to define the notion of relative dualizing sheaves for a formal family as in 13.21 

Definition 3.3. Let X be a Cohen-Macauley scheme Gorenstein in codimension 
one defined over a field k and Y C X a closed subscheme of it. Let / : X — > S = 
Specf A be an element of Def(Y, X)(A), where A G Art(k). Let Ui be an open cover 
of X as in Definition 13.21 Then the sheaves (w^ yi ) A glue together to a coherent 

In] 

sheaf on X which we denote by 0J X / S - Note that the construction is independent 
of the cover chosen. 

Definition 3.4. Let X be a Q-Gorenstein scheme defined over a field k and Y C X 
a closed subscheme of it. The functor of Q-Gorenstein deformations is the functor 
Def qG (Y, X) : Art(k) — » Sets such that for any finite local Artin fc-algebra A, 
Def qG (Y, X)(A) is the set of isomorphism classes of flat morphisms X — > S = 
Specf A in Def(Y, X), such that the sheaf wj^| 5 is invertible for some n G Z>o- 

It is not immediately clear that Def q (Y, X) as defined above is a functor. 
This would be true if the property that u>x /s is Q-Gorenstein is stable under base 
extension, which is known to be true Has-Kov04, Lemma 2.6]. 

Remark 3.5. (1) If Y = X, then the functors Def{X,X) and Def qG {X,X) 
are just the familiar deformation functors Def(X) and Def q (X). 
(2) Let P G X be an affine isolated singularity. Then it follows from the defini- 
tions and from Theorem [TTTTl |Art691 Corollary 2.6] that Def(P,X) is the 
functor of algebraic deformations of an isolated singularity |Art76[ Defini- 
tion 5.1]. Traditionally this functor is denoted by Def(P G X) and we will 
frequently use this notation too. More generally, if A has isolated singulari- 
ties and Y = X smq = {Pi, . . . , P k }, then Def(Y, A) = Jl ti DefiP, G A). 
Moreover, as we will see later, in order to obtain reasonable results about 

Def(Y,X) or Def qG (Y, A) (in particular, existence of pro-representable hulls), 

we will assume that Y is proper and A — Y is smooth. 

Remark 3.6. The functors Def(Y,X) and Def qG (Y,X) are an attempt to get 
an algebraic analog of deformations of germs of analytic spaces. A candidate for 
an algebraic germ is the formal neighborhood. However, completion along a sub- 
scheme is not an algebraic construction. The algebraic analogs of local analytic 
neighborhoods are etale neighborhoods. Ideally we would like to define the notion 
of an algebraic germ in such a way so that if two are isomorphic then they are 
at least locally etale equivalent and any morphism between two algebraic germs 
should come, at least locally, from a morphism between etale neighborhoods. It is 
known |Cox781 Theorem 4] , that if Y C X\ , Y C A2 is an embedding of a scheme 
Y into two schemes X\, A2 and Af = X^, then, under relatively mild hypothe- 
ses, the isomorphism is induced by a common etale neighborhood of Y in X\, X^. 
However, it is possible that X\ = A2 but X\ X% , and hence X\ and A2 are 



SMOOTHINGS OF SCHEMES WITH NON-ISOLATED SINGULARITIES 



7 



not etale equivalent around Y Cox78, Example 1]. For these reasons the correct 
definition of the algebraic germ of Y C X would be that of the henselization X h 
of X along Y instead of the completion X. However, due to technical difficulties 
working with henselization, we work with the formal neighborhood and impose a 
local algebraizability condition in order not to get too far away from the geometry 
of Y C X. Moreover, in many cases the results of Artin [Art 69] allow us to move 
between the formal and algebraic case. 

Notation 3.7. For the remaining part of this paper, whenever we speak of Def(Y, X) 
or Def qG (Y, X), X is assumed to satisfy all the relevant properties stated in Defi- 
nitions inn 

One of the fundamental problems in deformation theory is to determine when a 
given scheme X admits a smoothing. The natural approach to this is first to study 
the problem locally, i.e, to study which singularities are smoothable and then to 
globalize the local smoothings. If X has isolated singularities only, say Pi, . . . , 
then the globalization of the local deformations is achieved by studying the natural 
transformation of functors 

k 

(3.1) D(X)^l[D(P i ,X) 

i=l 

where D(X) is either Def(X) or L>e/« G (A) and D(Pi,X) is either Def{P u X) 
or Def qG (Pi,X). If the singularities of X are not isolated, then the above map 
does not exist. A kind of sheafification of the local deformation functors is more 
appropriate in this case. 

Definition 3.8. Let D(Y,X) be either Def(Y,X) or Defi G (Y,X). The functor 
D{Y, X) is the functor 

D(Y, X) : Art{k) -> Sh(X) 

defined as follows. For any finite local fc-algebra A, D_(Y, X)(A) is the sheaf as- 
sociated to the presheaf F defined by F(V) = D(Y n V, V)(A) for any open set 
V. 

Definition 3.9. Let D(Y,X) be either Def(Y,X) or Def qG (Y,X). The functor 
of local deformations of D(Y. X) is the functor Di oc (Y, X) : Art(k) — * Sets defined 

by 

D loc (Y,X)(A) = H°(D(Y,X)(A)) 
For D(Y, X) as above, there is a natural transformation of functors 

(3.2) tt: D(Y,X) - D loc (Y,X) 

We call this map the local to global map. If X has isolated singularities and Y = X, 
then 7T extends (|3.ip . 

Remark 3.10. If X has isolated singularities and H 2 (Tx) = 0, then it is well 
known that 7r is smooth. This is not so in general. This is due to the inability 
to lift local automorphisms of deformations to higher order. However under some 
strong conditions on the singularities of A, tt is still smooth (Proposition [9T]) . 
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4. The tangent space of Def(Y,X) and Def qG (Y,X). 

Let Y C X be a closed subscheme of a scheme X. In this section we describe 
the tangent spaces of the functors Def(Y, X), Def q (Y, X) and the local to global 
map 7r p.2[) at the level of tangent spaces. 

Definition 4.1. We denote by T^X), T^X), (Y, X) and T^ G (Y, X) the 

tangent spaces of the functors Def(Y, X),Def(Y, X), Def qG {Y, X) and Def qG (Y, X), 
respectively. 

It easily follows from the definitions of the deformation functors involved that 
ff^T^Y, X)) and H a (T^ G {Y, Xj) are the tangent spaces of Def loc (Y, X) and Def q °{Y, 
respectively. If X — Y is smooth, then T 1 (Y, X) is just Schlessinger's T X (X) sheaf 
and T^Y, X) is the subsheaf T* G (X) of T^X) defined as follows. For any affine 
open subset [/ C X, T^ G (X)(U) is the 0x(E^)-module of isomorphism classes of 
first order Q-Gorenstein deformations of U. 

The next proposition describes the global to local map at the level of tangent 
spaces. If X = Y and D = Def(X) then this is just the familiar global to local 
sequence of the functor Def(X) |Ser06[ Theorem 2.4.1]. 

Proposition 4.2. Suppose that X is a reduced scheme and Y C X a closed sub- 
scheme. Then 

(1) Then there is a canonical injection 

</,:T 1 (yX)^Ext 1 (Q x ,Ox) 

which is an isomorphism if X — Y is smooth. 

(2) Let D be either Def(Y,X) or Def qG (Y,X). Then there is an exact se- 
quence 

-» H^fx) - Ti,(y, X) -> ff°(T^(X)) 
J/ m addition X - Y is smooth, then T^YX) = T X D {X), ^(FJ) = 
Tjj(X) and there is an extended exact sequence 

-> H^fjc) -> Ti,(X) -f H°(Th(X)) - ff 2 (f x ) 

where X is the formal completion of X along Y and flx> Tx, T 1 r)(X) are the 
coresponding completions of fix, Tx and T^(X) along Y . 

Proof. We first do the case D = Def(Y,X). The proof is based on the one for 
ordinary schemes |Ser06| Theorem 2.4.1]. Let X\ — > SpecfAi be a first order 
deformation of X. Then by definition there is an open cover Hi of X\ such that 
Ui = Ui, where Ui is a first order deformation of a local etale neighborhood Vi of 
Y in X. Then the extension 

gives the extension 

-> Vi -» Ok, -> Vi -> 
and since X is assumed to be reduced, there is an exact sequence 

-> CV, -> Qk ® Cy, -> fV, -» 

and consequently 

-> 0^ -> Ok ® 0^ -► f} Vi -> 
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Patching them all together we get the exact sequence 

~) x -> Q x ® O x 



-> Go -► n x ® -> fix -> 



Hence we get a map 

T^Y.X) -> Ext x (fix,0 x ) 
which is injective, as in the usual scheme case. Conversely, let 

-> O x -> £ fix 

be any extension in Ext^(fix, O x ). Let ^ : ®x ~^ ^ x ^ e ^ ne completion of the 
universal derivation of X (For detailed definitions and properties of d and fix, for 
any formal scheme X see [TaLoRo07 ) . Then exactly as in the scheme case this 
gives a first order deformation X of X. However in general it may not be locally 
the completion of a deformation of a local etale neighborhood of Y in X. 
The standard local to global spectral sequence gives 

(4.1) ^ H^fx) ^Ext^(h x ,O x ) ^ H°(£xt^(h x ,O x )) ^ H 2 (fx) 
Claim: 

£xt x (h x ,O x ) ^ £xt x (Q x ,O x ^ 
In fact we will show that 

£xt x (F,V) SS £xt\(T,VY 

where T and V are coherent Ox -modules. This is a local result, so we may assume 
that X = SpecA and Y = V(I), where / C A is an ideal. Then, since T is coherent, 
there is an exact sequence 

O-*0£-*0£->.F-*O 

Applying H.om x ( , V) and taking completions, we get the exact sequence 

fim ^fik ^ e,xt\{F,VY -> 

Taking completions first and then applying Hom x ( , P), we get the exact sequence 

p m _^fk ^ £ xt ^ Xi O x ) -» 

The claim now follows immediately from the last two exact sequences. 

Since X is reduced it follows that T l {X) = £xt x {Q x , O x ). Hence from fl4~T]) 
we get the exact sequence 

(4.2) -> H\T X ) -» Ext^(fix, Ox) - H°(T^(X)) -» ff 2 (fx) 

The space if 1 (Xx ) classifies the first order locally trivial deformations of X Halp76| , 
and T 1 (Y,X) C Ext ^. (fix, O x ). Therefore there is an exact sequence 

-> F^fx) -> T^FjX) -> H°(T*(X)) 

as claimed. If in addition we have that X — Y is smooth, then T 1 (X) is supported on 
Y and hence T 1 (X) = T 1 (X). Hence every first order deformation X of X arising 
from an element of Ext y (fix, O x ) is locally the completion of a local deformation 
of X and hence in this case T 1 (Y", X) = Ext -(fix, Cjf)- This together with the 
exact sequence (|4.2j) give the exact sequence claimed in the second part of the 
proposition. 
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It remains to consider the Q-Gorenstein functor. Let ip : T 1 (Y, X) -> i/°(T 1 (Y, X)) 
be the global to local map that was defined earlier. Then H°(T qG (Y, X)) C 
H^^iY.X)) and Y\ G (Y,X) = tp^ 1 (H° (T^ G (Y, X))). This together with the re- 
sults just proven for the usual deformations case give the corresponding ones for 
the Q-Gorenstein case. □ 

Remark 4.3. From Proposition 14.21 it follows that in order to have reasonable 
results concerning the tangent space of Def(Y,X) or Def q (Y, X), X — Y must 
be smooth. From now on we will always assume this. 

5. Existence of pro-representable hulls. 

In this section we investigate the existence of pro-representable hulls [Sch68 for 
all the deformation functors defined in section [3l To do so we use the following 
result of Schlessinger. 

Theorem 5.1 (jSch68j). Let F: Art(k) — + Sets be a functor such that F(k) is a 
single point . Let A' — > A and A" — > A be morphisms in Art{k) and consider the 
map 

(5.1) F(A' x A A") - F(A') x F{A) F(A") 

Then 

(1) F has a pro-representable hull if and only if F has the properties (Hi), 
{H 2 ), (H 3 ) below. 

(Hi) \5.1\) is a surjection whenever A" —> A is a small extension. 
(H2) H5.1\) is a bijection when A = k and A" = k[t}/(t 2 ). 
(H 3 ) dim fe T^ < 00. 

(2) F is pro-representable if and only if F has the additional property (Hi): 

F(A' xa A') — ► F(A') Xp(A) F(A') 

is an isomorphism for any small extension A' — > A. 

By using the criterion of the previous theorem, Schlessinger showed the following. 

Proposition 5.2 ( Sch68 ). Let X be a scheme defined over a field k. Then 
Def(X) has a pro-representable hull if and only if dimT 1 (X) < 00. 

The proof given by Schlessinger applies directly to Def(Y,X) and therefore 
Def(Y, X) has a pro-representable hull if and only if dim/c T 1 (y, X) < 00. 

In what follows first we present some cases when T 1 (y, X) and T^ G (Y, X) have 
finite dimension over k. Then we show that Def q (Y, X) has a pro-representable 
hull if and only if dim^ T^ G (Y, X) < 00 and finally we show that under some strong 

restrictions on the singularities of X, Defi oc (Y, X) and Deff^ c {Y, X) have a pro- 
representable hull too. 

Proposition 5.3. Let X be a reduced scheme and Y C X a proper subscheme of 
it. Then T 1 (Y", X) and Y l qG (Y, X) have finite dimension over the base field k in any 
of the following cases. 

(1) X=Y. 

(2) Both X and Y are proper and smooth and the normal bundle N Y /x °f Y 
in X is ample. 
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(3) Y is contractible to an isolated singularity, i.e., there is a proper morphism 
f: X -> Z such that f(Y) is a point, X - Y = Z - f{Y), Z - f(Y) is 
smooth and R l f*Ox = 0, for all i > 1. 

(2) (2) 

(4) dim Y = 1 , X — Y is smooth and I Y / I Y is ample, where I Y is the second 
symbolic power of the ideal sheaf Iy ofY in X . 

Proof. We use Proposition 14.21 Then the first part is immediate and the second 
part was proved by Hartshornc | Har68] . The third part is well known in the analytic 
category but due to the lack of reference we present a proof here. The result is local 
around Y , so we may assume that Z = SpecA, where (A, m) is the localization of a 
finitely generated fc-algebra. Let / : X — > Z the birational map in the assumption. 
Now since / is proper and birational, H 1 (Tx) is a finitely generated torsion A- 
module and hence H 1 (Tx) A = H 1 (Tx), where H l (Tx) A is the m-adic completion 
of H (Tx), Then according to the formal functions theorem, 

H x {T x )^H x {fx) 
Dualizing the standard exact sequence 

f*n z -^n x ^ n x/z -» o 

and taking into consideration that / is birational, we get the exact sequence 

o -> t x -> (f*n z y -^m^o 

where M is a coherent Ox-module supported on Y. Hence dim^ i? 1 (Tx) < oo iff 
dim fe H 1 ((f*VL z )*) < oo. Moreover, there is a natural map ip: f*T z — > (f*£lz)* 
and the supports of both Ker(^), CoKer^) are contained in Y. Hence it suffices 
to show that dim^ H 1 (f*T z ) < oo. Since Z is affine, there is an exact sequence 

O^JV->0£->T z ->O 

and hence an exact sequence 

-> Q -> f*N -^Ox-> f*T z -> 
where Q is supported on Y. This breaks into two short exact sequences 

-» Q -> f*N -> M -f 
-> M -> -> f*T z -> 

Therefore since R l UO x = it now follows that dim fe H l {f*T z ) < oo iff dim fc H 2 (f*N) < 
oo. Repeating the above argument and by induction the result follows. 

(2) 

It remains to show the last part. So, assume that diml" = 1, I Y /I Y is am- 
ple and that X — Y is smooth. Then by Proposition 14.21 it suffices to show that 
dims, H 1 (Tx) < oo. The completion X of X along Y can be calculated via the 
ideal sheaves I Y ^ and hence 

H 1 (f x ) = lhn H\T X ® Oxll { y ] ) 

The short exact sequence 

o - 4 n) /4" +1) - Ox/i [ Y +1] - ev4 n) - o 

gives the exact sequence 

-» K„ -» 4 n) /4 n+1) ® - Ox/4" +1) ® Tx 2? Ox/4"' ® Tx ^ 
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We will show that ff (Ker(a n )) = 0, for n sufficiently large and hence, since Y is 
proper, dim^. iJ 1 (Tx) < oo. Since dimF = f, H 2 (K n )~0 and hence it suffices to 
show that H 1 ^^ /Iy ® Tx) = 0, for n sufficiently large. The natural map 

is generically surjective along Y and hence there exists an exact sequence 
S n {I Y /lP) ®T X ^ 4 n) /4" +1) ® T x T n -f 

(2) 

where T„ has zero dimensional support. Since Iy/Iy- 1S ample, it follows that 
there is a n e Z such that H 1 (S n (I Y /I^ ) ) ® T x ) = 0, for all n > n . Therefore 
® ?x) = for all n > n and hence dim fe H l (Tx) < oo as claimed. 

□ 

Theorem 5.4. Let J k a Q-Gorenstein scheme and Y <Z X a closed subscheme 
of it. Assume furthermore that dim/j T^ G (Y, X) < oo ( this for example happens if 
Y C X satisfy the conditions of Proposition^^). Then the functor Def qG (Y,X) 
has a pro-representable hull. 

Proof. We only do the case when X — Y. The general case is similar. For con- 
venience set D = Def qG (Y, X). We follow the general lines of the proof given by 
Schlessinger for the usual deformation functor Def(X) |Sch68[ Proposition 3.10]. 
It suffices to show that D satisfies Schlessingers conditions (Hi), (iTa), (H$) |Sch68j . 
(H3) is satisfied by assumption and (H2) will follow from (Hi) since it is satisfied 
for the usual deformation functor Def(Y,X). Let A" — > A and A' — > A be homo- 
morphisms between Artin local fc-algebras such that A" — > A is a small extension, 
i.e., there is a square zero extension 

0^k^A"^A^0 

We will show that the natural map 

D(A" x A A')^D(A") x D(A) D(A') 

is surjective (this is condition (Hi). Let X A <> G D(A"), X A > G D(A') and X A £ 
D(A) such that X A u ® A n A — X A i ® A * A = X A . Then there are natural maps 
Ox A „ -> Ox A and Ox A , -> Ox A - Let R = A" x A A' and let X R be the 
scheme (|X|, Ox R ), where \X\ is the underlying topological space of X and Ox R = 
Cx A „ Ox a ,- Then Ox fl is a flat i?-algebra, Xr ®r A" = Ox A „ and 

Ox R ®r A' = Ox A , Sch68]. To conclude the proof we must show that Xr is 
Q-Gorenstein, i.e., that it is Cohen-Macauley, Gorenstein in codimension 1 and 
there is n G Z such that oj Xr /r IS invertible. Since Xr is a deformation of X over 
an Artin local ring R, it is Cohen-Macauley and Gorenstein in codimension 1. Let 
n be the index of X . Then there is a natural map 

A R /fl X A I,/A" ^x A /A X A'/ A 

We will show that it is an isomorphism. First observe that since X is Q- Gorenstein 
of index n and X A , X A > , X A n are also Q-Gorenstein, they have also index n [KSB88 
and hence the right hand side is invertible. Since ^x r /r ^ s reflexive and Xr Cohen- 
Macauley it suffices to show that <f> is an isomorphism over the Gorenstein locus. 
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Let X° C X be the Gorenstein locus of X . Then there is a commutative diagram 

[n] [n] 

^xyR ^ U X° A ,/A' 



j • [n] ®n [n] ®n • ,-i i 

and moreover, since lo x „ ^ R — ui^a / R , ^ x o j A ,, = /A" are lnv ertible, 

, J™1 19, A" — , J"] 
W X° R /R - W X°„/A" 

Hence |Sch681 Corollary 3.6] 

, ,N r±j . M v , [n] 

- W X° X X° ,/A' 

as claimed and therefore Ap is Q-Gorenstein. □ 

The next proposition shows that under some strong restrictions on the singulari- 
ties of X, the local deformation functors Defi oc (Y, X) and Def1^ c {Y, X) have a hull 
too. This is useful in the cases when Def(Y,X) and Def q (Y, X) do not have a 
hull. The reason of this failure is that they may not have finite dimensional tangent 
spaces. However, the tangent spaces of the local functors are X)) and 

H °( T qG( Y > x )) and since t(y > X )' T qc( Y > x ) are coherent sheaves supported on the 
singular locus of X, H^T^F, X)) and H°(T^ G (Y, X)) will be finite dimensional if 
the singular locus of X is proper and is contained in Y. 

Theorem 5.5. Let X be a scheme and Y C X a subscheme of it. Assume that 
the singular locus Z of X is proper and that Z C Y . Let D be either Def(Y,X) or 
Def qG (Y, X) . Suppose that one of the following conditions are satisfied 

(1) With the exception of finitely many singular points, D locally satisfies Sch- 
lessingers condition (H4); 

(2) The codimension of Z in X is at least 3 and depthp(Cx.p) > 3, for any 
point P G Z (closed or not) 

Then the local deformation functor Di oc has a pro-representable hull. 

Proof. We only do the case when Y = X. The proof of the general case is similar. 

It suffices to verify Schlessinger's conditions (Hi), (H2) and (#3). The tangent 
space of Dice is H°(T^(X)). Since T^(X) is a coherent sheaf supported on the 
singular locus of X, H° (T^(X)) is finite dimensional over the base field k. So (H3) 
is satisfied. 

Assume now that either one of the conditions in the statement is satisfied. If the 
second one holds, then Def(X) = Def(X — Z) [Art 76 and since X — Z is smooth, 
it locally satisfies (H4). hence we only need to assume that the first condition is 
satisfied. 

Let A" — + A and A' — > A be homomorphisms between Artin local fc-algebras 
such that A" — > A is a small extension. We will show (Hi), i.e., that the natural 
map 

D loc (A" x A A') -> D loc (A") x Dloc(A) D loc (A') 

is surjective. By definition, Di oc (B) = H°(D.(B)), for any local finite fc-algebra B. 
Let s' G H°(D(A')) and s" G H°(D(A")) such that they map to s G H°(D(A)) 
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under the natural maps A': H°(D(A')) -> H°(D(A)) and A": H°(D(A")) -> 
H a (D_(A)). Let {Ui] be an affine open cover of X and let Uij — Ui fl E/j. Let 

be any deformation of Ui over a ring £?. In what follows we will denote by 
its restriction on Uij . 

The section s is equivalent to a collection of deformations Xi of Ui over A 
and A-isomorphisms 0^ : <Yy — > Aji. Similarly s' is equivalent to a collection 
of deformations <Y/ of [/, over A' and ^'-isomorphisms 0'^ : X[j — > Afj^ and s" is 
equivalent to a collection of deformations X" of Ui over A" and A"- isomorphisms 
(fy'lj : X"j — ► A'j-. Since A'(s') = A"(s") = s, it follows that there are A-isomorphisms 
^: Af/ A-> Xi and : A -> X t . Then x OAr . 0** is a deforma- 

tion of Ui over i? = A" x^ A' . The collection {O^" Xo x . Ox"} form a section in 
H°(D{R)) iff there are i?-isomorphisms 



A,.,: C'.v x t ,., O. 



.V" 



O x - x 0x „ O. 



X". 



The natural candidate for such an isomorphism is 

4- x ^ : C'.v x CV - C'v x C'.v 

This isomorphism induces an isomorphism of Ox!, x o x 
is a commutative diagram 



Ox", if and only if there 




.4 



By our assumption, we can refine the open cover in such a way that C/y satisfies 
{Hi). Then we can modify the cf>ij so that the left hand side of the diagram 



commutes and then, since Uij satisfies (H4 



we lift them to X'L 



Hence we get a 



section and therefore Di oc satisfies (Hi). Similarly it also satisfies (H2) (note that 
(H2) is satisfied without any restrictions on the singularities of X), and hence Di oc 
has a hull. □ 

Next we present a simple case when cases when Di oc has a hull. 

Corollary 5.6. Assume that, with the exception of finitely many singular points, 
the index 1 cover of any singular point of X is smooth and that the singular locus 
of X is proper. Then Def? (Y, X) has a hull. 

Proof. By Theorem 15.51 all we need is to show that with the exception of finitely 
many singular points, property (H4) is satisfied. This is equivalent to showing that 
local automorphisms of deformations lift to higher order. Since the result is local, 
we may assume that X is affine. Then let 7r: X — > X be the index 1 cover of X. 
Let Xa be a Q-Gorenstein deformation of X over A. Let A — > B a finite local 
A-algebra and Xb = Xa ®a B. Let 9 be a S-automorphism of Xb- Let Xa —* Xa 
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be the index 1 cover of Xa- Then Xa is a deformation of X |KSB88j over A and 
Xa <8U B is the index 1 cover of Xb- From the construction of the index 1 cover, 
9 lifts to an automorphism of Xb which is smooth by assumption. This now lifts 
to an automorphism of Xa and hence to an automorphism of Xa- O 

Remark 5.7. From the proof of Theorem 15.51 it is clear that the obstruction for 
the local deformation functors to have a hull is the presence of automorphisms. 
The only cases that we were able to show existence of a hull is in fact when there 
are no automorphisms. In view of this, perhaps it would be better to consider the 
stack of deformations instead. 

6. The T 1 -lifting property. 

The main technical tool that we will use in order to study the deformation theory 
of a scheme X is Kawamata's T 1 -lifting property Kaw92], [Kaw97 . We recall the 
basic definitions and properties. 

Let D : Art(k) — > Sets be a deformation functor of some scheme X defined over 
a field of characteristic zero, i.e., a covariant functor that satisfies Schlessinger's 
conditions (Hi) and (iTa). Assume moreover that D has an obstruction space Tp. 
For A s Art(k), D(A) is the set of isomorphism classes of pairs (Xa, </>o) consisting 
of deformations Xa of X and marking isomorphisms <fio : Xa ®a k — > X. The class 
of (Xa, <Po) will be denoted by [Xa, 4>o]- 

Let B n = k[x,y]/(x n+1 ,y 2 ) and C„ = k[x, y]/(x n+1 , y 2 , x n y). There are natural 
maps a n : A n+ i — > A n , f3 n : B n — > A n , j n : B n — > C n , S n : C n — > S„_i, ( n : A n — > 
C n and e„ : A n+1 -> S„ with /3„(a;) = t, /3„(y) = 0, e n (t) = x + y, ( n (t) = x + y. 

Definition 6.1. Let [X n , <fio] G D(A n ). Then we define 

(1) T\)(X n /A n ) to be the set of isomorphism classes of pairs (Y n , ip n ) consisting 
of deformations Y n of X over B n and marking isomorphisms ip n : Y n ®s n 

A n > X n . 

(2) T^(X n /A n ) to be the sheaf of sets on X associated to the presheaf T such 
that for any open U C X, J-(U) = Y l D (U n /A n ), where U n — X n \u- 

If D is Def(Y, X) or Def qG (Y, X) then we use the notation T 1 (X n /A n ), T 1 (X n /A n ), 
Tj G (X n /A n ) and T^ G (X n /A n ), respectively. 

Definition 6.2 ( [Kaw92], Kaw97]). We say that the deformation functor D sat- 
isfies the T^^-lifting property if and only if for any X n 6 D(A n ) the natural map 

(j> n : T^Xn/An) - T L D (X n -i/A n .. 1 ) 

is surjective, where -X" n _i = D(o n _i)(X n ). 

Theorem 6.3 ( Kaw92, Theorem 1]). Let D be a deformation functor that satisfies 
the 1 -lifting property. Then D is smooth. In particular, if D has a hull, then its 
hull is smooth. 

In fact the proof of the previous theorem shows the following. 

Theorem 6.4. Let D be a deformation functor, X n G D(A n ), X n -\ — D(a n )(X n ) 
and Y n -i = D(e n -i)(X n ) e T^(X n _i/yl n _i). Then X n lifts to A n+1 , i.e., is in 
the image of D(A n+ \) — > D(A n ), if and only ifY n —\ is in the image of the natural 
map 

<j> n : T^(X n /A„) -» Ti,(X B _i/i4„_i). 
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The advantage of the last theorem is that it allows us to exhibit in the next 
section a very explicit obstruction element to lift X n to A n +i- The following result 
is also useful. 

Proposition 6.5. With assumptions as in Theorem \6.4\ let Y n G T 1 (X n /A n ) be a 
lifting ofY n -i, i.e., 4> n (Y n ) = Y n -\- Then there is a lifting X n +i of X n over A n +i 
such that Y n = D(e n ){X n +i). 

The proof of the proposition depends on the following result of Schlessinger. 

Theorem 6.6 ( [Sch68]). Let D : Art(k) — > Sets be a functor that satisfies (H2). 
Let 

be a small extension of local Artin k-algebras and let D(a): D(B) — > D(A) be the 
natural map. Then for any £a £ D(A), there is a natural action of the tangent 
space to of D on the set D(a) (£a)- Moreover, if D satisfies (Hi), then the 
action is transitive. 

A careful look at the proof of the previous theorem reveals that the action 
described satisfies the following functorial property. 

Corollary 6.7. With assumptions as in Theorem ] 10. 11 let 
»- J ^B—^A ^0 




be a commutative diagram of small extensions of local Artin k-algebras such that 
f is a k-isomorphism. Let £4 £ T)(A) and £4/ = D(]i)(£a) £ D(A'). Then the 
natural map Z?(a) _1 (£4.) ~~ > -0( a ') _1 (£-A') is trj-equivariant. 

If / is not an isomorphism, then the previous result is not true. 



Proof of Proposition \6.5[ Let £„ : A n C n be defined by (t) = x + y and 
$n '■ C n — -» B n -i be the natural map. Then 6 n Cn = £«-i- Consider the commutative 
diagram of small extensions 



J 



A n 







J' 



B v 



A n 











where J = (t n+1 ), J' = (xy n ) and / is the isomorphism given by sending t n+1 to 
xy n . The above diagram induces the following commutative diagram 

D(a„ 



D(A n+lj 

D(Bn 



D{A n ) — 

r>(M 

D(C n ) — 



T 2 

1 D 



■T 2 



J 



J 1 



where Tf, is an obstruction space for D. Let Z n = D(^ n )(X n ). Then the Sp- 
litting property implies that D(-y n )(Y n ) — Z n Kaw92j, Kaw97j. Let X' n+1 be a 
lifting of X n , which exists by the T 1 -lifting property, and Y n = D(e)(X' n+1 ). Then 
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Y n ,Y^ e D{ r ) n )^ 1 (Z n ) which is a homogeneous i_o-space by Theorem llO.il Hence 
there is 9 € to such that 8 -Y r [ = Y n . Moreover, by Corollarv l6.71 the natural map 
D(a n y 1 (X n ) -> D(C n y 1 (Z n ) is ^-equivariant. Hence D(e n )(X n+1 ) = Y n , where 
X n+ i = 9 ■ X n+1 . 

a 

Remark 6.8. The T 1 -lifting property was originally introduced by Ran |Ran92j 
in order to study infinitesimal deformations of a complex manifold and was later 
generalized by Kawamata t Kaw92j, [Kaw97] to the case of an arbitrary deformation 
functor D. Later, a stronger version of the TMifting property was introduced 
by Fantechi and Manetti l'a.Ma!)!) . According to their definition, a deformation 
functor D has the TMifting property if, for any n £ N, the natural map 

D{B n+1 ) -> D{B n ) x D{An) D(A n+1 ) 

is surjective and they show that if D has the T 1 -lifting property and k has char- 
acteristic zero, then D is smooth. Then naturally, for any X n € D(A n ) one can 
define T^(X n /A n ) = {Y n E D(B n ), D(j3 n )(Y n ) = X n } and then D has the new 
T 1 -lifting property if and only if the natural map T 1 (X„/yl n ) — > T 1 (X n -i/A n -i) 
is surjective for any X n E D(A n ). This is a stronger condition since it depends only 
on D and does not take into consideration any automorphisms of X n . However, 
T l (X n /A n ) does not have any natural A;- vector space structure even in the case 
when D = Def(X). For this reason we consider the weaker definition given by 
Kawamata but which has the advantage that T 1 D (X n /A n ) has a natural k- vector 
space structure if D is either Def(Y,X) or Defi G (Y,X), which are the cases of 
interest in this paper. 

7. Description of T 1 {X n /A n ) and T l (X n /A n ). 

Let X be a pure and reduced scheme defined over a field of characteristic zero 
and Y c X a closed subscheme of it such that X — Y is smooth. Let X n G 
Def(Y, X)(A n ). In this section we describe the spaces T 1 (A' n /A rl ) and the sheaves 
T l {X n /A n ). 

First we state a simple technical result that will be needed later. 

Lemma 7.1. Let X be a pure scheme and Xr a deformation of it over a local 
Artin k-algebra R. Then Xr is also pure. 

Proof. The proof will be by induction on the length l(R) of R. If l(R) = 1 then 
Xn = X which by assumption is pure. Now for any Artin ring i?, the maximal 
ideal m has a composition sequence (0) = Iq C I\ C • • • Ik—i C Ik = m such that 
Ik/Ik+i — R/m. Since I\ — A/m and I\ — > h/lf is surjective, it follows that 
I i = 0. Hence there is a square zero extension 

which gives the square zero extension 

-» O x -> Ox n ^ Ox B -» 

Let J C 0x H an ideal sheaf such that dimSupp(J) < dim A. Then by induction 
p(J) = and hence J C Ox and hence J = since X is pure. □ 



18 



NIKOLAOS TZIOLAS 



Proposition 7.2. Suppose that X is a pure and reduced scheme, Y C X a closed 
subscheme and X — Y is smooth. Let X n 6 Def(Y, X)(A n ). Then 

^(XjAn) = Ext x jh Xn/Anl O X J 

and 

T\X n /A n ) ~ £xt Xn (ti Xn/An ,0 Xn ) 

Proof. The proof is along the lines of Proposition 14.21 We will only show the first 
isomorphism, the proof of second is identical. Let {U n } be an open cover of X n such 

that U n — U nl where U n is a deformation over A n of a local etale neighborhood V 1 
of Y in X. Let also y n £ D(B n ) and {W n } the corresponding open cover such that 

W* = W£, where W* is a deformation over B n of a local etale neighborhood Z l of 
Y in X. By Lemma [TTTl T^ 1 , and Z l are also pure. 

-B„ is the trivial square zero extension of A n by A n . Therefore the trivial exten- 
sion 

-> An -> S„ -> A„ 
gives the extension (not necessarily trivial) of j4„-algebras 

-> CV> ®B„ v4„ -> W * -> W i ® Bn A n ^0 
There is a right exact sequence 

Off; ®B n A n -4 &Wl/An ® B n — * ^W*(8B„A n /A n — * 

Since X ir pure and reduced, it follows that W n (£>B n A n is pure and hence a„ is 
injective. Now taking completions we get the exact sequence 

Now if (A, m) is a local fc-algebra, then Q.A/k — ^A/k> wnere ^ is the m-adic 
completion of A [TaLoRo07 . Therefore, and patching the above sequences together, 
it follows that there is an exact sequence 

-> Xn -> &y n /A n ®B n A n -> fl Xn -> 
and hence we get a map 

(^„/i„) - Ext^ (fi^ B/AB , ) 

which, as in the usual scheme case, is injective. We will show that it is also surjec- 
tive. Let 

-> Xn -> £ -> fi x „ -> 
be an element of Ext^ (^;e n /A„i ®Xn)- Let 

be the completion of the universal derivation [TaLoRoOTj . Then again as in the 
usual scheme case we get a square zero extension of j4 n -algebras 

(7-1) -> Xn A Oy n -^O Xn ^0 

Moreover, arguing in exactly the same way as in Proposition ^. 21 it follows that the 
above extension is locally the completion of an extension of U n by U n . To complete 
the proof we need to show that Oy n admits the structure of a flat -B n -algebra 
and that y n ®b„ A n = X n . Oy n is already an ^4„-algebra and it can be made 
into an ^i-algebra via A: k[t]/(t 2 ) -> Oy n by setting X(t) = ct(1). Therefore Oy n 
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becomes a B n = Ai(S)A n -algebr&. The flatness follows from the next straightforward 
generalization of |Ser06l Lemma A. 9]. 

Lemma 7.3. Let (B, m B ) be a local ring, A a B-algebra and M a finitely generated 
A-module. Let 

(7.2) -> M -> A' -> A -> 

be a square zero extension of A by M . Let R be an A' -algebra. Then R is a flat 
A' -algebra if and only if the sequence \7.%fy ®a> R is exact and R C5a' A is a flat 
A-algebra. 

From the construction of the £?„-algebra structure on Oy n it follows that Oy n ® b„ 
A n = Ox n ■ Moreover, since X — Y is smooth, (|7.ip <8b„ A n is exact on X — Y and 
since X is pure it follows that (|7.ip <S>B n A n is in fact exact and hence Oy n is flat 
over B n . □ 

Remark 7.4. If X = Y then the above proposition says simply that 
T\X n /A n ) £ Ext Xn (n Xn/An ,O x J 

and 

T x (x n iA n ) si ^ n (n x „ /An ,o x J 

where JC„ G De/(X)(A n ). 

Remark 7.5. In the X = Y, Proposition 17.21 was proved by Namikawa [Nam06 . 

As a corollary of Proposition ^. 2[ the spectral sequence relating the functors Ext 
and Ext gives the local to global sequence for T 1 . 

Corollary 7.6. With assumptions as in Proposition \7.2\ there is an exact sequence 

- H\f Xn/A J -> T\X n /A n ) - H\T\X n /A n )) -» H 2 (f Xn/A J 

The next technical lemma will be needed. 

Lemma 7.7. Lei X 6e a pwre and reduced scheme and let X A be a deformation of 
it over a local Artin k-algebra A. Let Fa be a coherent sheaf on Xa such that there 
is a nonempty open subset Ua C Xa such that the restriction Fa\u a is flat over A. 
Let A — > B be a homomorphism of finite Artin local k-algebras and Xb — Xa®aB. 
Let i : Xb — * Xa the inclusion and Gb a coherent Xb -module. Then for all k > 0, 

Ext h XA (F A , uG B ) = Ex4 B (i*F A , G B ) 

and 

Zxt\ A (F A , i*G B )= £xt k XB (i*F A , G B ) 

Proof. For any k there are natural maps 

<j> k F : Ert k XB (i*F A ,G B ) -^E^ Xa {F a ,uGb) 

i> k F : £xt k XB (i* Fa, G b ) -» £x& A (F A ,i*G B ) 

which is defined as follows. Let [E B ] be an element of Eixt x (i*F A ,G B ). This is 
represented by an extension 

-> G B -» E x -> E 2 -» ► £ fe -> -» 

Moreover, there is a natural map A^ : F A — > i*i*FA- Then we define <f> F ([E A \) £ 
Extjf A (F A , i^Gs) to be the extension obtained by pulling back [E A ] with A. Simi- 
larly for tpp. 
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Let z* : CoIi(Xb) — > CoIi(Xa) be the induced map between the corresponding 
categories of coherent sheaves. Let G be either the TLomx A (Fa, ■) or Komx A (Fa, ■) 
functor. Since i* is exact, to prove the lemma it suffices to show that i* sends 
injectives to G-acyclics. First we show this in the case when G = Homx A (FA, •)■ 
Let I B be an injective Ox B -module. We will show that 

£xt XA (F A ,I B ) = 

this is local and so we may assume that X, and hence X A , is affine. Then Xa has 
enough locally free sheaves. So we may write 

O^Pa^Ea^Fa^O 

where E A is locally free. Hence 

£xt k XA (F A ,I B )= £xt k XA 1 (P A ,I B ) 

Moreover, since X is pure it follows that Xa is pure as well. Hence Ea is pure and 
hence Pa is also pure and its restriction on Ua is flat over A. Continuing similarly 
we find that 

£xt k XA (F A ,I B ) = £xt XA (N A ,I B ) 

where N A is also pure and its restriction on U A is flat over A. Now consider the 
exact sequence 

► Qa y Ma y Xa ► 

where Ma is locally free. Then, as before, Qa is pure and hence since Na is flat 
over Ua, it follows that 

-> i*Q A -> i* Ma -> i*N A 
is exact too. Therefore there is a commutative diagram 

Tiom XA (Na, i*I B ) >■ Homx A (M A ,i*I B ) 'Hom XA (Q a^Jb) >■ £ xt XA (N A , «*/_b) 



h 



h 



h 



Uom XB (i*N A , I B ) ^ Hom XB (i*M A , I B ) >■ Hom XB (i*Q A , I B ) >■ £xtx A (i*N A ,I B ) > 

where f\, fi and fs are clearly isomorphisms. Therefore is an isomorphism too. 
But since I B is an injective Ox B -modu\e, 

£xt XA (G A ,iJ B ) =£xt XB (i*G A ,I B ) = 

and hence 

£xt k XA (F A ,iJ B )=0 

for all k > 1 as claimed. Next we show the corresponding statement for the global 
Ext. The spectral sequence relating the local and global Ext functors show that 

Ext k XA (F A ,U B ) = H k (Hom XA (F A ,iJB)) = H k (Hom XB (i*F A ,I B )) - Ext^ B (i*F A , I B ) = 

The argument about the £xt sheaves cannot be directly applied to the global Ext 
functor because of the possible absence of enough locally free sheaves on Xa- □ 

Next we give a version of the previous results in the case of formal schemes. 
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Corollary 7.8. With assumptions as in Lemma YT% let Xa E Def(Y,X)(A) and 
Xb = Xa ®a B. Let Ta be a coherent sheaf on Xa such that there is an open 
Li a C Xa such that Ta\u a * s fl a ^ over A. Let Qb be a coherent sheaf on Xb and 
i : Xb — > Xa the inclusion. Then 

Ext l XA [T A ,i*QB) = £xt l XB (i*J 7 A ,GB) 

and 

Ext XA (T A , uQb) = Ext4 B (i*T A) Qb) 

Proof. The natural map (ftp defined in Lemma 17.71 exists in this case too. Then 
the proof proceeds similarly and it is local. Locally Xa — Va, where Va is a 
deformation over A of a local etale neighborhood V of Y in X. So we may assume 
that Ta — Fa, Qb = Gswhere Fa, Gb are coherent sheaves on Va, Vb- But then 
as we have already seen in Proposition 14. 21 

£xf rA (F A ,G B ) = (£xf VA (F A ,G B )) A 

Moreover, if Xb is an injective 0;f B -module, then Xb = Ib, where 1b is an injective 
Oy B -module. Now the proof proceeds exactly the same as the one in Lemma 17.71 

□ 

We now state the key result that will enable us to obtain obstructions to lift a 
deformation X n e Def(Y, X)(A n ) to A n+ \. 

Proposition 7.9. Let X be a pure and reduced scheme defined over a field k of 
characteristic zero and Y C X a closed subscheme of it such that X — Y is smooth. 
Let X n E Def(Y, X)(A n ). Then there are exact sequences 

0^f x ^ f Xn/An -» T Xn _ llAn _ x -> T\Y, X) -> T\X n /A n ) - 

-» T l {X n -i/A n -x) ^ £xt\(n x .,O x ) 

and 

- H°(f x ) -» H°(f XJA J - H^Tx^/a^) -» T\Y,X) -» T 1 (X n /A n ) - 

— > T 1 (A' n _i/^4 n _i) Ext^(f7 x . 0^) 

Note that since X — Y is assumed to be smooth, then T 1 (Y 1 X) = T 1 (X) by 
Proposition 14.21 

Proof. Apply Hom.x n {Qx n /A n , ') an d Ti.om x „ {^x n /A n , ') 011 the square zero exten- 
sion 

-> O x -> £>*„ -> O^,, - 
and then use Proposition ^. 21 and Lemma [7771 □ 

8. Global lifting of deformations. 

Let X n E Def(Y, X)(A n ). In this section we obtain obstructions to lift 
to A n+ i. Let y„_! = Def(Y,X) (e n -i) (X n ) E T 1 (A' n _ 1 /A n _ 1 ). According to 
Theorem 16.41 X n lifts to A n _|_i if and only if D^n-i is in the image of the natural 
map 

T 1 (X n /A n ) T ^T 1 (X n ^ 1 /A n ^ 1 ) 
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Now according to Proposition 17. 91 there is an exact sequence 

T\X n /A n ) ^ T^n-i/An-i) ® Ex4(0x,Oi-) 

Identifying T 1 (A' n _i/A n _ 1 ) with Ext^(f2^„ /A „, 0^_J = Ext^Cfl^-iMn-i.OaW-i) 
and ^(Xn/An) with Ext^ ri (f2^ ri / J 4 ii , Oat,,) we see that y n -i is represented by the 
extension 

-» 0*^ -» £ -» fi*„M„ 
which is the pullback of the extension 

l/A„_i ^n-1 ^^„_!/A„_i ~~ * 

under the natural map Qx„/A n ~ * ^A? n _i/A n _i- Hence 

Then 6(^„-i) G Ext^f^/^, 0^) = Ext|.(fix, 0^) is represented by the two- 
term extension 

o -» 0^ -» 0*„ -» e -» n^. nMn -» o, 

Hence, using Theorem [63] we get that 

Theorem 8.1. With assumptions as in Proposition \7.9[ let y n -\ — Def(Y, X)(e n -i)(X n ). 
Then the obstruction to lift X n to a deformation X n+ \ over A n+ i is the element 
ob(X n ) e Eixt Xn (0,x n /A n i ®x) = Ext^(f2x, Og) represented by the extension 

Q^O k ^O Xn ^E^ h Xn/An -» 0. 

where 

E = (%„_ 1 /A n _ 1 ®s„-i An- X ) Xfi^_ iMn _ 1 fi*„M„- 

Therefore i/Ext^(f2x, 0^) = ^ o,ndY , X satisfy the conditions of Provosition [573[ 
then the hull of Def(Y, X) is smooth. 

In practice it is easier to verify vanishing for cohomology than for the Ext groups. 
Next we give some cohomological conditions for the vanishing of Ext~»(fijf! ®x)- 
First we make a definition. 

Definition 8.2. Let X be a pure scheme and Y C X a closed subscheme such that 
X — Y is smooth. Then we denote by Ob 3 (X) the cokernel of the local to global 
obstruction map ii^T^X)) -» H 2 {f x ) of Proposition E2] 

Corollary 8.3. There are three succesive obstructions in H (£xt 2 ~(flx,Oj^)), 
ff^T^Jf)) and Ob 3 (X) /or X n to K/i! to Therefore, if 

H (Sxt^{Qx,O^)) = H\T\X)) = Ob 3 {X) = 

and Defy(X) has a hull, then its hull is smooth of dimension 

h 1 (fx) + h Q (T 1 (X))-h 2 (fx) 

Proof. Consider the Leray spectral sequence 

= HV{£xt\i$lx,0 ± )) =► E^ = Ext^feOf)) 
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Then there are exact sequences 

-> -> E 2 -> £°' 2 
U — > £- 2 -> ii — > ii 2 — > fc 2 — > £, a -> E 2 — > ii 2 

Now considering that £ 2 = Ext 1 ?" 9 (fix, Oy)), i?o' 2 = F°(£a:i 2 ~(fix, O?)) and 
E 12 ' = H 2 {f x ), we get the claim. □ 

Corollary 8.4. Suppose that Def(Y,X) has a hull and that 

H°(ext 2 ~(h x ,O x )) = H\T\X)) = H 2 {f x ) = H°{T\X)) = 

Then every deformation of X is formally locally trivial. 

This happens because from the previous corollary the hull of Def(Y,X) is 
smooth and is the same as the hull of the locally trivial deformations Def'(Y, X). 

Remark 8.5. The simplest case when Ob 3 (X) = is when H 2 {f x ) = 0. This 
happens in particular when there is a morphism /: X — ► S, where S is affine, / is 
proper with fibers of dimension < 1 and Y = f (a), for some s 6 S. Then from 
the formal functions theorem it follows that H 2 (T X ) = 0. This is the case of 3-fold 
flips and divisorial contractions with at most one-dimensional fibers. 

9. Local to global. 

Let X be a scheme and Y C X a closed subscheme such that X — Y is smooth. 
In the previous section we obtained obstructions in order for a deformation X n G 
Def(Y,X)(A n ) to lift to a deformation X n+ i £ Def (Y, X)(A n+ i) in the case that 
X was pure and reduced. However our methods were global and do not give us 
any information about the local structure of X n+ i. In this section we will study 
the problem of when local liftings of X n globalize to give a deformation X n+ i of X 
over A n+ i, or more generally, when local deformations of X exist globally.. 

Ideally one should study the local to global map tt: DefiY, X) — > Defi oc (Y, X). 
If X = y, X has isolated singularities and H 2 (T X ) = then tt is known to be 
smooth. This is not necessarily true anymore if X has positive dimensional singular 
locus. The reason is the same as the one for the failure of Defi oc (Y, X) to have 
a hull. It is the presence of local automorphisms that do not lift to higher order. 
However under strong restrictions on the singularities of X, tt is smooth. 

Proposition 9.1. With assumptions as in Theorem \5.5\ suppose also that H 2 (T x ) = 
0. Then n is smooth. 

Proof. We only do the case when X = Y. The general case is proved similarly. For 
convenience, set D = Defi oc (Y, X) and Di oc = Defi oc (Y,X). Then it suffices to 
show that for any small extension 

the natural map 

D(B) -► D(A) x Dloe{A) D loc (B) 

is surjective. 

Let X A G D(A), s A = tt(Xa) G D ioc (A) and s B G Di oc (B) such that D loc (g)(s B ) = 
sa- By the definition of Di oc , sb and sa are equivalent to an open cover {Ui} of X, 
a collection of deformations Uf and of Ui over B and A respectively, such that 
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Uf ®b A = Uf-, ^-isomorphisms fa^ : Uf^nVj —* U^l^nUt and ^-isomorphisms 
0y : U l A \ Ui r )U] -> [//l^-ni/j such that for any fa^(f>f k fafi is the identity auto- 

morphism of cM fc = ufnufnuf. 

By assumption, we may take in such a way that E/j fl ?7j satisfies (H4). Hence 
we may take the (j>fj such that on Uijk = Ui fl f7j fl f/fe, the restriction of <^ fc = 
<f>fj<t>fk ( fiki on ^ijfc ^ s tne identity automorphism of U A k . Hence (f>?- k corresponds to 
a i3-derivation dijk G Hom^-e (Qj/b / b , Ou i ) = Hom^ (£lu i , ) . On the fourfold 
intersections Uijks = UiD Uj fl H U s they satisfy a cocycle condition and hence we 
get an element of H 2 (Homx(flx,Ox)) — H 2 (Tx)- If this element vanishes then 
the fa® can be modified in such a way that fa B j<fifk < t ) ki is the identity automorphism 
of Uf (~l Uf (~l Uj? and hence the Uf glue to a global deformation X B . □ 

In order to get around the failure of the local to global map ir: Def(Y,X) —> 
Defi oc (Y, X) to be smooth, we must gain some control of the automorphisms 
of deformations. Having this in mind, and following the ideas of Lichtenbaum- 
Schlessinger |Li-Sch67] , we make the following definitions. 

Definition 9.2. Let 

(9.1) -> J -> B -> A^O 

be a small extension of Artin rings and Xa S Def(Y, X)(A). Let (X B , fa), i = 1, 2 
be pairs where X B G Def(Y, X)(B) and <^>,*: — > X]j 8g4 isomorphisms. We 
say that the pair (X B , fa) is isomorphic to the pair (X B , fa) if and only if there is 
a _B-isomorphism tp : X B — > X B such that ipfa — fa . 

(1) We define by Def(XA/A,B) to be the set of isomorphism classes of pairs 
[XB,<f>] of deformations Xb £ Def(Y,X)(B) and marking isomorphisms 
0: X A -> A B ® B A. 

(2) Let Def(X A /A, B) be the sheaf of sets associated to the presheaf FonX 
suchthat F(U) = Def(U A /A,B), where U A = X A \u- Then we define 

Def loc {X A /A,B) = H°(Def(X A /A,B)) 

Note that there is a natural map 

tt: Def { X A /A,B) -> Defi oc (X A /A, B). 

Note also that since any square zero extension of local Artin fc-algebras can be 
obtained by a sequence of successive small extensions, we do not lose anything by 
working only with small extensions. 

Remark 9.3. Let X n E Def(Y,X)(A n ). Then in the notation of section [6l 
TT 1 (X n /A n ) = Def{X n /A n ,B n+1 ) and T^XJA*) = Def loc {X n /A n , B n+1 ). 

Theorem 9.4. Let X be a scheme defined over a field k and Y C X a closed 
subscheme such that X — Y is smooth. Let 

^ J -> B -> A->0 

be a small extension of local Artin k-algebras and X A £ Def(Y,X)(A). Then 

(1) De,f{X A /A,B) andDefi oc (X A /A,B) areT 1 {Y,X)®JandH°{T 1 {X)®J) 
homogeneous spaces, respectively. 

(2) Let s B € Def loc (X A /A,B). Then the set ir- 1 (s B ) is a homogeneous space 
over H 1 (f x ® J). 
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(3) There is a sequence 

-» H\f x ® J) A Def(X A /A, B) A De/ ioc (X A /A, B) £ B/ 2 (j\ ® J) 

which is exact in the following sense. Let sb G Defi oc (X A /A, B). Then 
sb is in the image of tt if and only if 8{sb) — 0. Moreover, let Xb,X' b G 
Def(X A /A, B) such that tt(X a ) = ir(X' A ). Then there is 7 G H l (f x <8> J) 
such that X' A — 7 • X A , where by " • " we denote the action of H 1 (Tx ® J) 
on tt~ 1 (sb)- 

Proof. We will only prove the theorem in the case when X = Y. The local alge- 
braizability conditions embedded in the definition of Def(Y,X) ensure that, with 
some effort, all steps of the proof can be carried out in the case when 7 / X and 
X — Y is smooth. The proof of the theorem consists of two steps. 

Step 1. In this step we will obtain a description of Def(X A /A, B) and Defi oc (X A /A, B) 
using cotangent sheaf cohomology and spaces of infinitesimal extensions that we 
describe next. Let X be an S'-scheme and T an Ox-module. We denote by 
Fix(X/S,J r ) the space of square zero extensions 

-»• T -> O x > O x -► 

of iS-schemes |Gr64j . Note that there is always a natural map 

Ex(X/S, T) -» F°(T 1 (X/5, J")) 

where T x {Xj S, J 7 ) is the first cotangent cohomology sheaf of Schlessinger [Li- Sch67] , 
This map is an isomorphism if X and S are afHne. 

The sequence B — > A — > Ojc a gives the exact sequences |Li-Sch67] . |Gr64] 
(9.2) 

T\X A /A, J® a O Xa ) -> T\X A /B, J® a O Xa ) A T^A/B, J<8uOxJ -> T 2 (X A /A, J® a O Xa ) 
and 

(9.3) 0-»Ex(JfAM, J®aOx a ) ^E x {X a /B,J® a O Xa ) -^Ex{A/B, J®aO Xa ) 

Taking global sections on the first one we get 
(9.4) 

-> H°(T\X A /A, J® a O Xa )) -> H°(T\X A /B, J® a O Xa )) ± H°{T l {A/B, J® a O Xa )) 

By a slight abuse of notation we denote by [2] both the elements of Fix(A/B, J ® A 
Ox A ) and H°{T 1 {A/ B, J ®^ £>x A )) corresponding to the square zero extension 

-» J ®a Ox A -> B A -► 

Claim: 
(1) 

De/ ioc (X A /A,-B) = A- 1 ([2]) 

(2) 

Def(X A /A,B)=fi-\[I]) 
Indeed, an element of Defi oc (X A /A, B) is equivalent to an open cover of 
X and pairs [t/jj,(/>^] G Def(U A /A,B), where [/^ = X^l^j such that for any 
PhluinUj, </> A \uinUj] = [U B r \u i nu j ,4> A \u i nu j ]- These give square zero extensions 

o^j® A o vi ^ o n o 
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which are isomorphic on the overlaps Ui fl Uj and hence glue to an element [e] G 
^(^(Xa/B, J®aO Xa ))- Moreover , the fact that U B is flat over B and U B ® B A = 
U\ imply that A([e]) = [2] ILi-Sch67j . Therefore Defi oc (X A /A, B) = A- 1 ([2]). A 
similar argument shows also that Def(XA/A, B) = ([/]). 

Step 2. This is the main part of the proof of the theorem. Combining the results 
of the claim and the exact sequences (|9.3|) and (|9.4p . it follows that Defi oc (XA/A, B) 
and Def(X A /A,B) are H° (T 1 (X A / A, J® A Ox A )) = H°(T 1 (X)®> J) [Li-Sch67j and 
Ex(X A /A, J ® A O x A ) = T X (X) ® J |Gr64j homogeneous spaces. This shows IQll. 

We proceed to show I9~4l 2. In what follows we use the following notation. Let 
{Ui}i£i be an open cover of X. Then for any choice of indices .. we set 
Ui 1 i 2 ---i k = Ui 1 fl • ■ • (~l Ui k . Also if Xr is a deformation of X over an Artin ring R, 
we set X%- ik = X R \ Unn ... nUik . 

Let s B G Defi oc (X A /A,B), First we exhibit the action of H 1 (T X <8> J) = 
H 1 (Homx A (^ix A /A, J <&A Ox A )) on 7r _1 (ss). Let [Xb,0] G 7r _1 (s B ) and 7 G 
H l (J-Lomx A {^x A /Ai J ®A Cx^))- The element sb is equivalent to give an open 
cover {Ui} ie i of X, elements \U B ,4> % \ G Def(U\/A,B) and for all i,j isomor- 
phisms iJ : U B \uinUj — ► C^slc/inc/j such that on f/j fl E/j, </>*■?' </>* = The element 
[A s ,0] e Def(X A /A,B) is equivalent to give elements [t^,^] G Def(U l A /A,B), 
for all z, and for all i,j isomorphisms ip' 13 : U B \xjir\Uj —* U B \uinUj such that on 
Ui n Uj, ipVtp* = %l> j and on the triple intersections U n Uj n E4, V J 'V j = V' lfe - The 
cohomology class 7 is equivalent to a collection 7^ G Hornby (f2 x « ^ , J ® O x « ) = 

Hom^y (O^y , B , J <g> O x ij), where E/g = U g \u t nu^ that satisfy the cocycle con- 
dition on the triple intersections. Therefore, 7 is equivalent to a collection of B- 
derivations dij : O^y — > J <8> > satisfying the cocycle condition on the triple 
intersections. Then we define 7- [X B , 4>] to be the element of 7t _1 (s.b) that is defined 
by the data [U B ,tf> 1 ] and glueing isomorphisms ip 1 ^ + dij : U B \u in u j — * ^al^nE^- 

It remains to show that tt^ 1 (sb) is a H l (T x ® J)-homogeneous space, i.e., that 
H 1 {T X ® J) acts transitively on 7T _1 (sb). Let [A b ,t/>], [A#,^/] G 7r _1 (s B ). Then 
there is an open cover {E7j}j e j of A and isomorphisms Xi : As|[/; — > A^|[/ i; for 
all i £ I, such that on E/j, A,;?/> = . Then on E/y, Ay = A.7 Ai is an auto- 
morphism of Ag over X l J. Therefore, \j corresponds to a _B-derivation dij G 
Der b (C x y , J <8> O x a ) = Hom x jj /b^ ® ^x*' ) = Hom x *j (f2 x « ^ , J <g X « ) • 
These satisfy the cocycle condition on triple intersections and hence give an element 
7 G H 1 (Homx A {Slx A /A, J ®A Ox A )) = H X (T X ® J)- Now from the definition of 
the action of H^iTx <g> J) on n~ 1 (s B ), it is clear that 7 • [X B ,ijj\ — [X' B ,ijj'\, and 
therefore the action is transitive. 

Next we show |{Ol 3. Taking into consideration the previous two parts, it suffices 
to construct the map d and to show that Ker(<9) c Im(7r). Let sb G Defi oc (XA/A, B) 
as above. Then for any k G I, <pijk — 4'ki4 > jk4>ij is a £?-automorphism of U B \u ijk 
over X l l k . Therefore fajk corresponds to a B-derivation dijk G Dcr_B(Or / i 1 , J® 
O x ijk) — Hom^.jfc (^x iik /A' O x i3fc). These satisfy the cocycle condition on the 
fourfold intersections and therefore give an element of H 2 (TComx A (flx i /ii J ®A 
Oxa)) — H 2 (Tx ® J)- This defines the map 9. If 9(sb) = 0, then the isomor- 
phisms <pij can be modified so that ipijk is the identity automorphism of U B \u ijk 
and therefore the U B and glue to a global deformation Xb and and isomorphism 
4>: Xa —* Xb ®b A. Hence sb = n([X B ,(f>]), as claimed. □ 
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Corollary 9.5. With assumptions as in Theorem \9.4\ there are two successive 
obstructions in H°{T 2 (X)(g>J) and H 1 {T 1 {X)(g>J) in order that Def; oc (Xi/ A, B) ^ 
0, i.e., for Xa to lift locally to B. If these obstructions vanish then there is another 
obstruction in H 2 (Tx ® J) in order that Def [Xa/A, B) ^ 0, i.e., for the local 
deformations to globalize. 

Proof. We only do the case X = Y. The general case is similar. Let Q ~ Im(z/), 
where v is the map in the long exact sequence (19. 2\ . Then there are two exact 
sequences, 

(9.5) -► H\T X (X A IA, J ® O x J) -> H\T\X A /B, J ® Xa )) ^ H°(Q) A 

H 1 (T 1 (X A /A,J®Gx A )) 

(9.6) — ► H°(Q) — ► i?°(T 1 (A/i?, J ® Ox A )) — ► H°(T 2 (Xa/A, J ® Ox A )) 

By step 1. of the proof of Theorem El T>eii oc (X A /A, B) = \~ 1 ([/]), where A = 
/3a. It is now clear from the above exact sequences that there are two successive 
obstructions in H°(T 2 (X A /A, J® Ox A )) = H°{T 2 {X)®J) and H 1 (T 1 (Xa/A, J® 
Ox A )) = ^(T^X) ® J) so that A _1 ([7]) ^ 0. If these obstructions vanish then 
from Theorem 19.41 3. it follows that there is another obstruction in H 2 (Tx ® J) so 
that Def(X A /A,B) ^ 0. □ 

The spaces Dei(XA/A, B) and Defi oc (XA/A, B) do not have in general any vec- 
tor space structure over the ground field k. This complicates any calculation in- 
volving them. However, if B is the trivial extension of A by J then these spaces do 
have natural fc-vector space structures. 

Remark 9.6. A variant of Theorem 19.41 is already known in the case X = Y and 
the obstructions in Corollary 19. 51 are also well known [Har04], |Li-Sch67] . However, 
to our knowledge, the Defi oc space and the global to local sequence 19.41 3 have not 
been considered earlier and this separates our statement from the ones that can 
already be found in the literature. 

Remark 9.7. Theorem 19.41 obtains a relation between the local and global de- 
formation spaces Def (Xa/A, B) and Deii oc (XA/A, B). However, the obstructions 
obtained in Corollary [93] are not satisfactory in many ways. We explain why. Recall 
quickly how the obstructions work. In the notation of the previous corollary, given 
a deformation Xa of X over A, then if the obstruction in H° (T 2 (X)) vanishes, we 
can lift Xa locally to B, i.e., there is an open cover {U 1 } of X and liftings U % B of 
X A \u* over B. Then if the second obstruction in H 1 (T 1 (X)) vanishes, the local 
liftings can be modified in order to agree on overlaps. By doing this we do find 
obstructions in order that Deii oc (XA/A, B) ^ but we lose all local information 
about the liftings. In order to have some control over the singularities of a lifting of 
Xa we would like to choose a particular lifting U l B of Xa \ \ji and then find obstruc- 
tions to globalize it. This requires more careful study and additional obstructions 
will appear. For general choice of the rings A and B this is probably quite tricky 
but for the purposes of this paper (where mainly one parameter deformations are 
studied) we will only consider deformations over the rings A n . Our main tool is 
again the T 1 -lifting property. 

9.1. Local to global and the T 1 - lifting property. Let X n be a deformation 
of X over A n . Next we present a method to lift X n to a deformation X n+ i of X 
over A n+ i that allows us to control the singularities of X n+1 . 
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Let X n -i = X n ®A n A n -i and Y n -i = X n ®a„ B n -i G Y 1 {X n -\ / A n -i) , where 
B n -i is an A„-algebra via the map £ n ~i '■ A n — > B n -i defined in section [6l Then 
according to the T 1 -lifting property (Theorem 16. 4p . X n lifts to A n+ i if and only 
if Yn-i is in the image of the natural map r„ : Tp(X n /A n ) — > T^(X„_i/j4„_i). 
Theorem 18.11 obtained an explicit obstruction element for this to happen. However 
as mentioned earlier, it does not offer any local information about the possible 
liftings. Local information is carried by the sheaves T 1 (X„/^4„). These are related 
to T 1 (X n /j4 Il ) by the following natural commutative diagram. 

(9.7) T l D (X n /A n ) ^ H (Th(X n /A n )) 

T]j 1 /An-! ) H (l£ {X n - x /An-! ) ) 

The idea is the following. Let s n ~i — 4>n-i{Y n -i). Instead of lifting Y n -i directly 
through r„, we will obtain obstructions in order for s„_i to be in the image of 
a n . If these vanish, then we choose a particular element s n £ H°(T 1 {X n /A n )) 
such that o~ n (s n ) = s n -i and we will obtain obstructions for the existence of a 
global Y n G ^(Xn/An) such that (j> n (Y n ) — s n . This way we can control the local 
structure of Y n . Then, according to Proposition 16.51 there is a lifting X n+ \ of X n 
over A n +\ such that X n+ i ®a„ +j B n — Y n , where again B n is an A n+ i-algebra 
via e n : A n +\ — > B n - Now suppose that by this process we have obtained a formal 
deformation /„ : X n — > Spec(A n ), for n. Suppose that it is induced by an algebraic 
deformation /: X — » SpecA We will see next that the sections s n carry a lot of 
information about the singularities of A". In particular, smoothings can be detected 
by them, as is exhibited by the next two propositions. 

Proposition 9.8. Let f: X — > A is a deformation of a pure and reduced scheme 
X over the spectrum of a discrete valuation ring (A, tua)- Let f n : X n — > Spec^4„ 
be the associated formal deformation and Y n = X n+ \ 8>a„ +1 B n G Y 1 (X n /A n ). 
Moreover, let e 6 T 1 (A'/A) be the element that is represented by the extension 

(9.8) -» O x = f*Lu A -^n x ^ Q x/ a -> o 
Then e n = Y n in Y 1 (X n /A n ), where e n — e <S>a A n . 

Proof. By Proposition E2 T 1 (X n /A n ) = Ext Xn (fl Xn/An , Xn ) and Y 1 {X//X) = 
Ext^fi^/A, Ox)- It follows from their definition that Y n and e„ are represented 
by the extensions 

-> Ox n 2* (ttx n+1 ® An+1 B n /A n ) ®B„ A n -> fl Xn/An -> 

and 

o -> o Xn 4 n x ® A A n -» n XnMn -» 0, 

respectively, where a(l) = c?(l ® x) <g> 1 and = dt ® 1, where f is a generator 
of the maximal ideal of m#. It is now easy to see that the two extensions are 
isomorphic via 

$: Qx ®A A n -» (Ox n+1 ® An+1 s„/A„) ®s„ A„ 

defined by <I>(cLz ® a) = d(~z ® 1) ® a, where 2 G O^, a G ^4 and z is the class of 2 
in G Xn . □ 
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Proposition 9.9. With assumptions as in Proposition ^. <Sl assume moreover that 
X has complete intersection singularities. Then f is a smoothing of X if and only 
if there are k,n S Z>o, k < n, such that 

t k T\X n /A n ) cO Xn -s n 

Proof. Dualizing the exact sequence (|9.8|) we get the exact sequence 

Ox T X {X/A) -► T l {X) -> 

where a(l) = e. Therefore T 1 ^) = CoKer(a) = T 1 {X/A)/O x ■ e. 

Suppose that / is a smoothing. Then T X {X) is supported over and hence 
there is k G Z >0 such that t k {T 1 {X/A)/Ox ■ e) = 0. Reducing it modulo m n A and 
using Proposition 19.81 we get the claim. 

Conversely, suppose there are ai,n£ Z >0 such that t k T x {X n i 'A n ) C Ox„ • s n . 
Let = T^A'/A) /O x • e and .F„ = T 1 (X n /A n ) /0 Xn • s„. Then by by LemmaDjO] 
and Proposition 19. 8[ it follows that !F/t n+1 !F = J- n , where t is a generator of 
the maximal ideal uia of A. Then by assumption, t k [!F / t n+1 J-) = and hence 
i fc .F = t n+l T = J- n and therefore by Nakayama's lemma, t k T = 0. Hence T X {X) 
is supported over m^, and hence by Lemma 1 11. 91 / is a smoothing. □ 

Even though our previous discussion was for the case when X = Y, it is also 
valid in the general case. 

The remaining part of this section is devoted to the study of the maps a„ and 
<t> n in diagram (|9.7p . In particular we obtain conditions in order for them to be 
surjective. 

Proposition 9.10. With assumptions as in Proposition \ 7. 9[ there are canonical 
exact sequences 

-» H^T^X)/^) -> H Q [T 1 {X n /A n )) ^ if (T 1 ( A" n _i / j4 n -i ) ) -> Q n -> 
- L„ -> Q„ -> ff°(^4(f2x, O*)) 
-» L n -» H^T^X)/^) - Jf^T^/AO) 
and a noncanonical one 

-» H°{T l {X)/J= n ) - H ^ 1 {Xn/An)) °S ^(T^-l/A,-!)) -> 

-► H 1 {T 1 {X) / Fn) © i/ (^i(fix,Oi)) 
where T n C T 1 (X) is i/ie cokernel of the map 

Proof. From Proposition 17. 91 there is an exact sequence 

-» T\X)/T n -» ^{Xn/An) h T 1 {X n -i / A n -i) ^ T 2 (Y,X) 
Let M„ = Ker(/i n ). Then the above sequence breaks into two short exact sequences 

-> T^X)/^ - ^{Xn/An) h M n -> 

-» M n - T 1 (A„_ 1 /A n _ 1 ) ^ T 2 (F,X) 
Then we get the following exact sequences in cohomology 

- H°(T\X)/T n ) h H\T\X n /A n )) £ tf°(M„) 4 H 1 {T 1 {X) / Fn) & H 1 {T 1 [X n / A n )) 
-» fl°(M n ) a i?°(T 1 (A' n _i/A„_i)) a ff°(T 2 (Y,X)) 
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We wish to understand the kernel and Cokernel of the map a n — <?i ° /2 • Consider 
the following commutative diagram 







■ H° (T 1 (X) / T n ) 



h 







■0- 



H°{T\X n /A n ))- 
H a (T\X n ^/A n ^)) 



h 



-Im(/ 2 ) 



fl°(T 1 (A^_i/A.- l )) — 

where f3 is the restriction of g\ on Im(/2). The snake lemma now gives that 
ker(^„) = H Q {T l {X)/F n ) and Coker(/3) = CoKer(/i). Therefore there is an ex- 
act sequence 
(9.9) 

-> H°{T\X)/f n ) ^(T^^/A.)) -» ^(T^A^-x/A-i)) ^ Qn ^ 
where Q n = Coker(/3). Now from the diagram 







0- 



Im(/ 2 ) 



H°(M„ 



Im(/ 2 ) 



■0 







i/°(T 2 (y,x)) 



o 



gives that there is an exact sequence 

(9.10) -> L„ - Q„ - ff°(T 2 (y, X)) 

where L„ = CoKcr[Im(/ 2 ) — ► H°(M n ) and therefore there is another exact sequence 

(9.11) -» L n -> H\T\X)/T n ) - H l ^T 1 {X n / A^)) 

Now the proposition follows from (EH)]) . (f9~TU)) , and (|9~TT|l . □ 

Corollary 9.11. There are two succesive obstructions in H°(£xt 2 ^(flx,Oj^)) and 
H 1 (T 1 (X) I Tn) in order for an element s n _i o/ if (T (X n _x/.A„-i)) to be in the 
image of a n . 

The exact sequences in the previous proposition are not very enlightning in 
general. However, if X has local complete intersection singularities, then they are 
greatly simplified. 

Corollary 9.12. Suppose that X has local complete intersection singularities, or 
more generally that H (£xt x (Cl x , Ox)) — 0. Then there is an exact sequence 

- H\T\X)/T n ) -> H°(T\X n /A n )) ^ H° (T 1 (X n ^ / A^)) £ H l {T l {X)/F n ) 

Next we study the local to global map cj> n . If X is pure and reduced, then the 
diagram (|9.7p is part of the commutative diagram with exact rows 
(9.12) 



X„/A. 



4>n 



■T\X n /A T 



H°(T\X n /A n )) 



H 2 (T Xn /A n ) 



H l ftx n -i/A n -i) — T\X n _ x /A n _ x ) — — i- 1 H° (T 1 x / -A n -i ) ) H^Tx^/a^) 

where and VVi-i are injective. Hence the obstruction for an element s n 6 
fl-0(ri(X n /A n )) to be in the image of 4> n is the element d n (s n ) € H 2 (f Xn / An )- If ^ 
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has isolated singularities then it is well known that there are successive obstructions 
in H 2 {T X ) in order for d n (s n ) to be zero. However, in the general case this is not 
so and the reason is once more the inability to lift local automorphisms. The best 
that we can do in this case is to find conditions for the map <f> n to be surjective. 

Proposition 9.13. Let X be a pure and reduced scheme over a field k and Y C X 
a closed subscheme of it such that X — Y is smooth. Let X n G Def(Y, X)(A n ). Let 
T k = CoKer[f XfcMfc -» T Xk _ l/Ah _J C T l {X). Then if H 2 (f x ) = H l {T k ) = 0, for 
all k < n, then <f> n is surjective. 

Note that if the singularities of X are isolated, then if 1 (JT fc ) = and the propo- 
sition is the familiar result about isolated singularities. Admittedly it is not very 
easy to check the conditions of the proposition but at least the sheaves Tk are all 
subsheaves of T X (X) which depends only on X. 

Proof. The long exact sequence described in Proposition 17. 9i gives the following 
short exact sequences 

-> f x -> f Xn/An -^Q n ^0 

— > Q n — > T Xn _ 1 /A n _ 1 — * Fn — * 



These give the exact sequences 

• • • - H 2 {f x ) - H 2 (f Xn/A J - H 2 (Q n ) - • •■ 

> H\T n ) - ff 2 (Q„) -> ^(Tx^/a^) - ■ • • 

Now the claim follows by induction on n. □ 

So far we found conditions in order 0„ and er„ to be surjective. Going back to 
our original problem, starting with a deformation X n of X over A n , we want to 
lift F„_i = X n ® J 4„ B n -i toa Y n in T 1 (X n /A n ). Le t s n _i = <j> n _ x {Y n -l)- If the 
obstructions in Corollary 19.121 and Proposition 19.131 vanish, then there is a Y 7 [ £ 
T 1 (X n /A n ) such that 4> n -i{T n {Y^) — Y n —x) = 0. Hence in order to obtain a lifting 
Y n of Y n -i, we want to lift the locally trivial deformation Z n _\ = T n (Y^) — Y n — \. 
If X has isolated singularities then it is well known that the obstruction to lift 
Z n -\ to a locally trivial deformation Z n over A n is in H 2 (Tx) (this also follows 
immediately from the next proposition). In general though, this is not true. Again 
the best that we can do is to find conditions for r„ to be surjective. 

Proposition 9.14. With asumptions as in Provosition \9.13[ i/7J 1 (J? r „) = H 2 (Tx) = 
0, then every locally trivial lifting Z„_i o/l„_i over i? n _i lifts to a locally trivial 
lifting Z n of X n over B n . 

Proof. From diagram 19.71 it follows that the isomorphism classes of locally trivial 
liftings of Xk over B k are in one to one correspondence with H 1 (T Xk / Ak )- Then 
the statement of the proposition is equivalent to say that if 7? 1 (J r n ) = H 2 (Tx) = 0, 
then the natural map 

/i n : H\T Xn/An ) -» H^Tx^/a^J 

is surjective. This follows with similar arguments as in the proof of Proposition l9.13l 

□ 
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The previous discussion suggests that we must study the sheaves T n and the 
quotients T x (X)lT n . There are two main cases. 

The hrst is when T 1 (X)/J r n has finite support for all n and hence no higher 
cohomology and o~ n is surjective for all n. In this case the only obstruction for X n 
to lift to A n+ i is in H 2 (Tx)- This case is treated in Lemma Tl2. 21 

The second case is when for some reason we know that H 2 (T n ) = for all n. The 
simplest cases when this happens is when the singular locus of X is one dimensional 
or if there is a proper morphism / : X — > Z with one-dimensional fibers and Z affine 
(these are for example the cases of flipping, flopping and divisorial contractions with 
one dimensional fibers). In this case we will show that H 1 (T 1 (X) / fF n ) is a quotient 
of H 1 (T 1 (X)) and hence we can at least find a uniform bound for its dimension, 
which is finite if X has proper singular locus. Indeed, there is an exact sequence 

-» T n -» T\X) -» T 1 (X)jT n -» 

which induces the exact sequence 

H\T n ) - H\T\X)) -> H\T\X)/T n ) -> i/ 2 ^) 

Since H 2 (T n ) = 0, it follows that H 1 ^) is a quotient of if^T 1 ^)). 
So we have shown that 

Corollary 9.15. Suppose that the singular locus of X is one dimensional or there 
is a proper morphism f : X — > Z with one- dimensional fibers and Z affine (these 
are for example the cases of flipping, flopping and divisorial contractions with one 
dimensional fibers). Then if H 1 (T 1 (X)) — 0, the map a n : H°(T l (X n / A n )) — > 
H°(T 1 (X n _ 1 /A n l ) is surjetive, for alln. 

10. Q-GORENSTEIN DEFORMATIONS 

Let X be a Q-Gorenstein scheme and Y C X a closed subscheme such that 
X — Y is smooth. In this section we extend the results obtained in the previous 
sections regarding the usual deformation functor Def(Y, X) to the case of the Q- 
Gorenstein deformation functor Def q (Y,X). To do so we will locally compare 
the Q-Gorenstein deformations of X, with the deformations of its index 1 cover 
X. The key property that enables us to do so is that locally every Q-Gorenstein 
deformation of X lifts to a deformation of X [KSB88 . 

Let 

0^ J -► B -» A->0 

be a small extension of Artin rings and Xa G Def qG (Y, X)(A). Then in complete 
analogy with the case of Def(Y,X) (Definition we define Def qG (X A /A,B), 
Def G (X A /A,B) and Deff c (X A /A, B) = H°(Def(X A /A,B)) 
We need the following technical result. 

Lemma 10.1. Let B be an A-algebra, M a B-module and G a group acting on 
them compatibly with the algebra structure, i.e, for any g G G, the map <p g : B — > B 
defined by 4> g (b) = g ■ b is an A-algebra isomorphism and g ■ (bm) = {g ■ b)(g ■ m), 
for any b G B,m G M. Then there is an action of G on T % (B j A,M), i = 0, 1,2. If 
A = k a field, then G also acts on UceArt(k)Def(B)(C), where Def{B){C) is the 
set of all deformations of B over C . 
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Proof. For any g G G, there is an induced isomorphism <p g : B — > B of B given by 
(f)g(b) = g~ x ■ b, for any b E B. This gives an isomorphism 

4>* g : T l {B/A,M) -> T\B/A,M*) 

where M* is M as an abelian group but the B module structure is given by b ■ 
m = (g^ 1 ■ b)m. The map ip g : M* — > M given by ip g {m) = g ■ m is a B-module 
homomorphism inducing an isomorphism 

V>* : T\B/A, M*) -> T\B/A, M) 

Now the map f g = tp* o <)>*: T^B/A.M) -> T^B/A, M) gives the G-action on 
T l {B/A,M). 

T l (B/A,M), i = 1,2, can be described as the spaces of infinitesimal one and 
two term extensions of B by M, respectively. It is usefull to describe the action of 
G on T % {B /A, M) when the latter is viewed this way. 

Let (E) be a one term infinitesimal extension 

O^M^C^B^O 
of B by M . Then for any g G G let (E 1 ) be the pull back extension 
>■ M ^ C B > 

<Pg 

>■ M ^B s-0 

and (E") be the pushout extension 

>- M C > B >- 

Ipg 

M >- C" >- B >- 

Then g ■ [E] = [E"] in T X {B/A, M). The action on two term extensions is defined 
exactly analogously. Next we will show that G acts on L>ceArt(k)Def(B)(C). So let 
C G Art(k) be a finite local Artin fc-algebra and Rc a deformation of B over C. We 
proceed by induction on the length of C. If length(C) = 1, then Rc G T 1 (S/A;,i?) 
and the action is already defined. Now any C appears as an extension 

Let Rc = Rc ®c G'. Then by induction, g ■ Rc is defined and there is an 
isomorphism g ■ Rc — > Rc (not over C' in general). Define g ■ Rc to be the 
extension obtained by pulling back 

-> B -> i? c -> Rc ~+ 

via the map g • i?c" - * Rc ■ 

□ 

Construction of the sheaves T^ g (Xa/B,J 7 ). 

Let Xa — > SpccA — > Spcc_B be morphisms of schemes such that is a Cohcn- 
Macauley, relatively Gorenstein in codimcnsion 1 and such that there is n G Z with 
invertiblc. Let T be a coherent sheaf on JGl- Next we will define coherent 
sheaves T l qG (X A /B,T). 



34 



NIKOLAOS TZIOLAS 



Let Xa = UiUi be an affine cover of Xa and let 7Tj : Ui — > £7, be the index 1 cover 
of [/,-. Let r, be the index of U and T — T\u i . Then tt{ is Galois with Galois group 
the group of rj roots of unity /i ri . Then by Lemma HO.ll fii acts on T k (Ui,n*Ti), 
k > 0. Let Tq G (Ui/B, Ti) = {T k {U t / B , n* T t ))^ . This is a coherent sheaf on U t . 
We will show that these sheaves glue to a coherent sheaf T k G (XA/ B, T). It suffices 
to show that there are isomorphisms <pij: T k G (Ui/B, Fi)\u i} — * r T k G (Uj/B,Ti)\u ij , 
where CZy = U R C/,. Let r.jj be the index of CZy. Then r^jr,,- and r.y|rj. Let 
j : C/jj — > £/y be the index 1 cover of [Zy. Then from the uniqueness and the 
construction of the index 1 cover it follows that there are factorizations 

^{Un) rrj\U l3 ) 




where <fiij, <f>ji are etale of degrees Sij — Ti/tij and sji — rj/rij- Then 
T^Tr^iU^/Y,^) = ^(Uij/YX^i) 

and therefore 

(T^ir-^U^/Y^K))^ = T^Uy/Y^n) 

Hence 

(T^n-^U^/Y^*^))^ = ((T^^X^r^ = (T^U^/Y,^)^ 
Exactly similarly it follows that 

{T^iU^/Y^W* = {T k {U 3 )/Y^ 3 r^ 

and hence 

Tfc(Ui/B,fi)\ Uti = T^ifJj/B,^-)^ 

and hence the sheaves T k G (Ui/ B, Ti) glue to a global sheaf T^ g (Xa/ B,T). 
The next proposition shows that T® G and T° agree under certain conditions. 

Proposition 10.2. Suppose that J- is a locally free coherent sheaf on Xa- Then 

T° G (X A /B,T)^T°(X A /B 1 T) 

Proof. Let {U} be an affine cover of Xa and T — T\u i . Let 7Tj: Ui — > C/^ be 
the index 1 cover and G, the corresponding Galois group. Then T^ G (Ui/B,T) — 

T°{Ui/B,Ti) Gi , and moreover, T°(Ui/B,Ti) = Hom & . (% /B , < J r i )~. The fr- 
action is given as follows. Let <? 6 and / 6 Hom^ {Q,fj i , B , / K^Tij. Then g ■ f is 
the 0;y. -sheaf homomorphism defined by (g • f){x) = g^ 1 ■ f(g ■ x). The natural 
map ir*Qu./B ~ * ^u /b induces a homomorphism 

(10.1) 0: Hom^fO^^,!*^) -> HompJ/Q^/B,^) = Hom^ (fi^/s, < ^i) 

Now since T is assumed to be locally free, it follows that both modules in the 
above sequence are reflexive. Moreover, since Xa is Gorenstein in codimcnsion 
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1, 7Ti is etale in codimension 1 and therefore <f> is an isomorphism. Hence taking 
Gi-invariants we get an isomorphism 

I now claim that Hom^ (tlu./g, -K*J : i) Gi = Hom^ (fic/j/s, The natural in- 
jection Ti — > "K*Ti gives a natural injection 

ip: KomUiiilui/BiFi) -* Hom^ (Q Ui/B , n-Ti) ' 

Now let / E ilomij i (ilu i /B, 7T i J 7 ^ 1 . The definition of the Gj-action shows that 
Im(/) C (n*Ti) Gi = Ti. Hence ip is surjective and hence an isomorphism. Hence 
for any Ui we get an isomorphism 

9l : T%{Ui/B,Ti) -> T°(Ui/B/^ 

Following the construction of the sheaves T % qG we see that these isomorphisms glue 
to a global isomorphism 

g: T° qG {X A /B,T) T°(X A /B,T) 

as claimed. □ 

Proposition 10.3. Let X be a Q-Gorenstein scheme defined over a field k. Let 
Xa — * SpecA be a Q-Gorenstein deformation of X over a finite local Artin k-algebra 
A. Let 

0^ J ^ B ^ A^O 
be an extension of finite local Artin k-algebras with J 2 = 0. Then there is a k- 
isomorphism 

r <-qG\ 

where Def (X A /A, B) is the space of isomorphism classes of Q-Gorenstein liftings 
Xb of Xa over B . 
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Proof. Let r be the index of X, it a'- Xa —* Xa the index 1 cover of Xa and 
ir: X — * X the index 1 cover of X. Then Xa is a deformation of X over A. An 
element of T qG {X A / B, J®Ox a ) corresponds to a /i r -invariant square zero extension 

(10.2) o^j®o Xa ^O Xb ^O Xa ^O 
Taking invariants we get an extension 

(10.3) 0^ J®Ox A -^Ox B ^Ox A -+0 

and hence a Q-Gorenstein lifting Xb of Xa over B. This defines a map 
0: Tl G {X A /B,J®Ox A ) -» DeP°(X A /A,B) 

Next we show that <p is surjective. Indeed, let Xb be a Q-Gorenstein lifting of X A 
over B. Then there is a square zero extension as in (|10.3[) . Let ttb ■ Xb — » Xb be 
the index 1 cover of Xb- As before, this is a lifiting of Xa over B. Hence there is 
a /i r -invariant extension as in (|10.2[) . Therefore <j> is surjective. 

It remains to show that <p is injective. Since X is Gorenstein in codimension 1 
it follows that ir: X — > X is etale in codimension 1. Let U C X be the Gorenstein 
locus. Then 7r _1 ([/) -> U is etale and codim(A > - 7r _1 ([/), X) > 2. Therefore the 
natural map 

Def{X)^Def{-K-\U)) 
is injective |Art76[ Lemma 9.1] and hence </> is injective too. □ 
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It now immediately follows that 

Corollary 10.4. Let X be a Q-Gorenstein scheme defined over a field k andY C X 
a closed subscheme such that X — Y is smooth. Let X n G Defp^(X)(A n ). Then 

(1) 

T^ G (Y,X)=T^ G (X/k,O x ) 

(2) 

Tl G {X n /A n ) = Tq G (X n /A n , O x J 

Most of the functorial properties of the usual T % sheaves hold for the T % qG as well. 
Next we present a few that are of interest to us. 

Proposition 10.5. Let X be a Q-Gorenstein scheme defined over a field k. Let 
A G Art(k) and Xa — » Spec(A) be a Q-Gorenstein deformation of X over A. Then 

(1) Let A — > B be a morphism of Artin local k-algebras, Xb = Xa x Spec(A) 
Spec(B) the fiber product and Tb an Xb -module. Then there are natural 
isomorphisms 

T l qG (X B /B,T B ) S T; G (X A /A,j^ B ) 

where j: Xb —* Xa is the projection map. 

(2) Let C — > B — > A be a sequence of ring homomorphisms and T an Xa - 
module. Then there is an exact sequence 

- T\ G (X A jB,T) -> T\ G {X A IC,T) - T\B/C,T) - T*\X A /B,F) - 

(3) Le£ 

&e a square zero extension of Artin local k-algebras and Xb a Q-Gorenstein 
lifting of Xa over B. Then there is and an exact sequence 

7*g(X a /A, J® a O Xa ) - 7*c(X B /B, Xb ) - T« G (AVA X J - I^PWA 

The proof of the proposition follows immediately from the corresponding ones 
for the usual T % after passing to the index 1 covers as before. 

Next we show that T 2 G (X) = T 2 G (X/k, O x ) is an obstruction sheaf for Def^ G {X) 
if X — Y is smooth. For the sake of simplicity we only present the case X = Y. 

Proposition 10.6. Let X be a Q-Gorenstein scheme defined over a field k. Let 

0->J->B^A->0 

be a square zero extension of finite Artin local k-algebras such that uibJ — and 
X A G Defi G {X){A). Then there is a section ob(X A ) G H°{T 2 G (X)) (g> k J such that 
for any affine open Ua C Xa, ob{XA)\u G T^ G (U) ®k J is the obstruction to lift 
U a to a Q-Gorenstein deformation Ub of U over B, where U = Ua ®A k. 

Proof. This a local result and so we may assume that X is afhne of index r. Let 
7T : X -> X be the index 1 cover of X. Then T 2 G (X) = (T 2 (X))^. Let 

^ J -> B -> A->0 

be an extension of finite local Artin algebras and Xa a Q-Gorenstein deformation 
of X over A. Let tta ■ Xa — > X A be the index 1 cover. Then X A is a deformation 
of X over A [KSB88] and by Lemma [TOTTl the obstruction ob(X A ) G T 2 (X) ® fe J is 
/! r -invariant and hence it is in fact in T qG (X) ®^ J. Hence if ob(X A ) = 0, then there 



SMOOTHINGS OF SCHEMES WITH NON-ISOLATED SINGULARITIES 37 

is a deformation X' B of X over B, lifting Xa- This may not be /^-invariant but 
Xb = \ X][=o ^ ' X'b wnere C is a primitive r-root of unity. Then Xb = Xb/ Hr 
is a lifting of Xa over B. □ 

Now that we have developed the theory of Q-Gorenstein cotangent sheaves 
T* G (X), we can repeat word by word most of the arguments for the usual de- 
formation functor Def(Y,X) in section [HI In particular we have the following. 

Theorem 10.7. Let X be a Q-Gorenstein scheme defined over a field k andY C X 
a closed subscheme such that X — Y is smooth. Let 

-> J -> B -> A->0 

be a small extension of local Artin k-algebras and Xa G Def qG (Y, X)(A). Then 

(1) De f qG (Xa/ A, B) and Deff G (X A /A,B) aref\ G (Y,X)®J and H°(T X G (X)® 
J) homogeneous spaces, respectively. 

(2) Let s B G Deff£(X A /A,B). Then the set 7r _1 (s B ) is a homogeneous space 

over H 1 (f x ® J). 

(3) There is a sequence 

-> ff^T* €5 J) A Z> e /« G (X A /A B) A Def£{X A /A, B) £ H 2 (f x ® J) 

which is exact in the following sense. Let sb G Def qG (X A /A, B). Then 
sb is in the image of it if and only if 8(sb) = 0. Moreover, let Xb,X' b G 
Def qG (X A /A,B) such thatir(X A ) = n(X' A ). Then there is 7 G H X {T X ®J) 
such that X' A = 7 • where by " • " we denote the action of H (Tx <8> J) 
on 7t~ 1 (sb). 

Corollary 10.8. With assumptions as in Theorem \10.7\ there are two successive 
obstructions in H°(T 2 G (X)®J) and H 1 (T* G (X)®J) in order that Dctf G (X A / A, B) ^ 
0, i.e., for X A to lift locally to B. Lf these obstructions vanish then there is an- 
other obstruction in H (Tx <S> J) in order that Def (Xa/A, B) ^ 0, i.e., for the local 
obstructions to globalize. 

The local lifting method and the results that were described in subsection 19.11 
apply immediately to the Q-Gorenstein case as well. For the convenience of the 
reader, we state the main technical tools needed in order to apply it. 

Proposition 10.9. Let X be a Q-Gorenstein scheme defined over a field k and 
Y C X a closed subscheme such that X — Y is smooth. Let X n G Defy (X)(A n ) 
and X n -\ = X n ®A n A n -\. Then there is an exact sequence 

— >• T x T Xn /A n -> Tx n _ 1 /A„_ 1 -» Tg G (X) -> T qG (X n /A n ) 
- Tl G (X n ^/A n _ x ) T g 2 G (X) 

Proof. Use Propositions 110.51 110.21 on the extension 

-» fc -> A n -> A fl _i -> 
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Proposition 10.10. With assumptions as in Proposition \10.9\ there are canonical 
exact sequences 

-> H°(T^ G (X)/T n ) -> H\Tl G (X n /A n )) -> ^(^(AW^-i)) - Q„ - 
-> L n -» Q„ -» H°(T 2 qG {X)) 
0^L n ^ H\Ti G (X)/F n ) - ^(T^^/A*)) 
and a noncanonical one 

- H\Tl G {X)/F n ) - E°(T^)) ^ ^(T^C^-i/A,-!)) - 

where T n C Tg G (X) is f/ie cokernel of the map T% n /A n ~* Tx n _ 1 jA n _ 1 . 

Corollary 10.11. Suppose that the index 1 cover of every singular point of has 
local complete intersection singularities. Then there is an exact sequence 

- H°(Ti G (X)/F n ) H°(T qG (X n /A n )) 24 ^(T^AW-i/A^)) H^T^X)/^) 

11. From formal to algebraic. 

For geometric applications we are interested in algebraic deformations / ' : X — » 5 
of a scheme X of finite type over a field fc. However, the methods of this paper are 
formal and they produce only formal deformations of X . It is therefore of interest to 
know under what conditions a formal deformation is algebraic and which properties 
of an algebraic deformation can be read from the associated formal deformation. 

The problem of whether a formal deformation is algebraic is a very difficult 
one. An affirmative answer is known in the case when X is affine with isolated 
singularities |Art76| Theorem 5.1] and when it is projective with H 2 (X, Ox) = 
|Ser06| Theorem 2.5.13] [Gr59] , This problem is extensively studied in [Art69j . 

In general it is difficult to compare the properties of an algebraic deformation 
and its associated formal deformation. For example, it is possible that the formal 
deformation is trivial but the global one is not [Scr06, Example 1.2.5]. In this 
section we state criteria in order to recognize the properties of being locally trivial 
and smoothing from certain properties of the corresponding formal deformation. 
Then we define the notion of formal smoothing which we will use in section 1121 

The next theorem by Artin is the key to the relation between locally formally 
trivial and locally trivial deformations. 

Theorem 11.1 (Corollary 2.6, |Art69j ). Let X\, X^ be S -schemes of finite type and 
let Xi £ Xi be points, i = 1,2. If the complete local rings Oxi.xt are O s -isomorphic, 
then X\ and Xi are locally isomorphic for the etale topology. 

Corollary 11.2. Let f: X — > S be a flat morphism of schemes of finite type. 
Moreover, assume that either f is proper or that it is a morphism of local schemes. 
Let s£S and suppose that the corresponding formal deformation X n — > S n , where 
X n = X Xj S n , S n — Spec(0,g ;S /TO™ +1 ), is locally trivial. Then there is a neigh- 
borhood s G U C S and an Stale cover {Vi} of f~ 1 U such that Vi — > U is trivial. 

In particular, with assumptions as in the previous theorem, if the fiber over s, 
X s , is singular then the general fiber is singular too and hence / is not a smoothing. 
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Proof. If / is a flat family of local schemes, then the corollary follows immediately 
from lll.ll Now suppose that / is proper. Let X s = X xj Specfc(s) and X be the 
formal completion of X along X s . Then the assumptions imply that X is locally 
trivial. In particular, it follows that Ox,p — Oy,p, where y = X s x S, P 6 X s 
and Ox,p, Oy^p are the completions of Ox,p, Oy^p, at the maximal ideals mx,p, 
my^p of Ox,p and Oy^p. Hence by Theorem 111.11 it follows that there is an etale 
cover {Vi} of X s in X such that Vi — » S is trivial. Let Z = X — UjVj. Then since / 
is proper, Y — f(Z) is closed in S and U = S — Y has the required properties. □ 

Let / : X — > S be a deformation of a scheme X over the spectrum of a discrete 
valuation ring. Next we will obtain criteria on the corresponding formal deformation 
/„ : X n — > Spec^4„ in order for / to be a smoothing. First we define the relative 
differentials of a morphism of formal schemes. 

Definition 11.3 ( |Lip-Na-Sa05 ). Let f : X — > & be a morphism of formal schemes. 
Let 3, 3 be ideals of definition of X, 6 respectively, such that f*3 ■ Ox C 3. Let 
X„ = (X, 0£/3 n+1 ), S'n = (6, Oe the corresponding schemes and /„ : X n — > 
the corresponding morphism. Then limf2x„/s„ and limwx^/Sn are sheaves of 
Ox = limOx„ -modules and we define 

the sheaf of formal relative differentials and 

ux/e = kmu Xn /s n 

the formal dulalizing sheaf. If f is of pseudo-finite type, then both are coherent. In 
this case we also define 

T 1 (x/e) = Sxtx(n x / 6 ,Ox) 

the first order formal relative cotangent sheaf. For the basic properties of flx/e we 
refer the reader to TaLoRo07 . 

Next we define the notion of a formal Q-Gorenstein deformation f : X — » & and 
the corresponding sheaf T* G (X/S). 

Definition 11.4. Let f : X — » 6 be a flat morphism of formal schemes. 

(1) We say that f is a formal Q-Gorenstein deformation, if there are ideals of def- 
inition 3, Z of X, & respectively, such that f*3 • Ox C 3 and the correspond- 
ing deformations of schemes /„ : X n — » S n , where X n = (X, Ox/3 n+1 ), 
S n = (S,O e /a n+1 ), are Q-Gorenstein. 

(2) Suppose that f is a formal Q-Gorenstein deformation. Then, with notation 
as in (1), let {Ui} be an affine open cover of X and let Xi >n — X n \ui- Then 
the deformation X^ n — > S n is induced by a deformation X^ n — > S'n, where 
7i"i,n : -^j,n ■X'i.n i s the index 1 cover |KSB88j . These form an inverse 
system and setting Xj = limX^n we get a map of formal schemes tti : Xi — > 

Xlfjj which we call the formal index 1 cover. Then as in the usual scheme 
case, the covering groups G, act on T 1 (Xi/S) and we define T* G (Xj, 6) = 
T 1 (Xi/6) Gi . These glue together to a coherent sheaf Tij(X/6) on X. 
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Notation 11.5. Let J be a coherent sheaf on a formal scheme X. We denote by 
Fittfe(#) C Ox the fc-fitting ideal of 5- These ideals measure the obstruction for $ 
to be locally generated by k elements. In fact $ is locally generated by k elements 
if and only if Fitt&(30 = Moreover, fitting ideals commute with base change 
and completion [Eis95l Proposition 20.6]. 

Next we define the notion of a formal smoothing. 

Definition 11.6. Let X be a proper equidimensional scheme of finite type over 
a separable field k. Then a formal deformation f: X — ► S, where 6 = Specffc[[i]] 
is called a formal smoothing of X, if and only if there is a k G Z>o such that 
3 k C Fitt n (p,x/e)j where 3 C Ox is an ideal of definition of X and n = dim X. 

Remark 11.7. In the previous definition we required that X is equidimensional 
in order to control the dimension of the components of the general fiber. However 
it is not a very restrictive condition since almost all singularities of interest in 
applications such as moduli of canonically polarized varieties and the minimal model 
program are Cohen-Macauley and hence equidimensional. 

The next proposition shows that formal smoothness implies smoothness in the 
case of algebraic deformations. 

Proposition 11.8. Let X be a proper equidimensional scheme of dimension n, of 
finite type over a separable field k. Let f : X — > S be a deformation of X over the 
spectrum of a discrete valuation ring {A, m) , and let f : X — > 6 the associated formal 
deformation. Then f is a smoothing of X if and only if f is a formal smoothing of 
X. 

Proof. Since / is proper, it follows that the general fiber X g = X X5 SpeaK"(A), 
is equidimensional of dimension n. Assume that f is formally smooth. Then, since 
Fitt„(Q^/s) = Fitt„(n^/,s) A , the formal completion of Fitt n (Qx /s) along X, the 
assumption implies that O x /Fitt n {£l x / s) is supported on the central fiber. There- 
fore, Fitt n (f2^ g ) = Ox g and hence fix g /K{A) is locally generated by n elements. 
Let Xg be an irreducible component of X g and let P 6 X g be a closed point. Then 
since X g is Noetherian, dimO^ p = n. Let mp C Ox .p = n be the maximal 
ideal. Then there is an exact sequence 

mp/mp -> £l Xg /K(A) ® (Ox g ,p/m P ) -> Sl K (0 Xg , P )/K(A) ~* 

which is exact on the left too since k is separable. Therefore, dim(mp/mp) = 
dim0^ g .p and hence Ox g ,p is regular, in fact the proof shows that it is geometri- 
cally regular and therefore Ox g ,p is smooth. Hence X g is smooth and irreducible. 
The converse is similar. □ 

If X has either complete intersection singularities or it is Q-Gorenstein and the 
index 1 cover of any of its singular points has complete intersection singularities, it 
is possible to give simpler criteria which we will use in section 1121 

We will need the next easy lemma. 

Lemma 11.9. Let X be a local complete intersection scheme of finite type over a 
field k. Then if £xt x x (Q,x , Ox) — 0,X is smooth. 

Proof. We may assume that X is affine. Then since it is complete intersection, 
there is an exact sequence 

-> o k x -> o£ -> n x -> 
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such that m — k = dimX. Since £xt x (fix, Ox) = 0, it follows that the previous 
sequence is split exact. Hence 

o% = o x ®n x 

and therefore fix is free of rank equal to the dimension of X. Hence X is smooth. 

□ 

Proposition 11.10. Let X be a local complete intersection scheme and f ': X — > S 
a deformation of X over the spectrum of a discrete valuation ring (A, tua)- Let 
f : X — > & be the corresponding formal deformation. Assume that f is proper and 
of finite type. Let 3 C Ox be an ideal of definition of X. Then the following are 
equivalent. 

(1) The family f ': X — > S is a smoothing of X; 

(2) There ismeN such that 3 m T 1 (X/6) = 0; 

(3) There is k G N such that for all n > k, 

T 1 (X n+1 /A n+1 )=T 1 (X n /A n ) 
where X n = X Xj S n > S n = SpecA„, A n = A/m A + . 

Proof. First we show that (1) implies (2). In this case, X = X is the completion of 
X along X. Then ftx/e = ^x/s |TaLoRo07] and hence 

T\x/e) = £xi^(n x/6 ,o x ) = ^(^ /s , o x ) A = T\x/sr 

Now by Lemma Til. 91 X — > S is a smoothing if and only if T l (X / S) is supported 
on X. Since ^(X/S) is a coherent O^-uiodule, this is equivalent to say that there 
is m G N such that I m T 1 (X/S) = 0, where / is the ideal sheaf of X in X. Hence 
3 m T 1 (X/6) = 0, where 3 = 1. Conversely, if 3 m T 1 (X/6) = 0, for some m and 
some ideal of definition 3, it also holds for all ideals of definition and in particular 
for 3 = 1. Hence (7 m T 1 (A'/5)) A = and therefore there isalcWc-Yan open 
neighborhood of X in X such that I m T 1 (X / S)\u = and hence since / is proper 
and S is local, L m T 1 (X/S) = 0. Hence ^(X/S) is supported on X and therefore 
/ is a smoothing. 

Next we show that (1) is equivalent to (3). Let ( be a generator of the maximal 
ideal of R. Then the exact sequence 

-» O x ^ O x -f Ox n - 

gives the exact sequence 

-> 7> /A ^ T^ /A -» T Xn/An T^Af/A) T 1 (A'/A) T 1 (X„/A„) -> 

Then / is a smoothing if and only if T 1 (A'/S r ) is supported on X and hence if 
and only if there is k G N such that t fe T 1 (A'/S') = 0. Now from the previous 
exact sequence it follows that this is equivalent to say that T 1 (X„ + i/A„ + i) = 
^(Xn/An), for all n > k. □ 

Proposition 11.11. Let X be a Q)-Gorenstein scheme such that the index 1 cover 
of its singular points has complete intersection singularities only. Let f ' : X — > S 
be a Q-Gorenstein deformation of X over the spectrum of a discrete valuation ring 
(A, tua)- Let f: X — > 6 be the corresponding formal deformation. Assume that f 
is proper and of finite type. Let 3 C Ox be an ideal of definition of X. Then the 
following are equivalent. 
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(1) The family f ': X — > S is a smoothing of X; 

(2) TTiere is to e N audi i/wrf T"T g x G (jE/S) = trod 3 m C Fitti^/e) = 0; 

(3) There is k £ N suc/i £/ia£ /or a/Z n > k, 3 m C Fitti(w^/s) — and 

^cfttlMn+l) =T qG (X n /An) 

where X n = X X S S„, S„ = SpecA„, A n = A/m 11 / 1 . 

Proof. The proof goes along the lines of the proof of Proposition 111.101 with a few 
differences that we explain next. The condition 3 m C Fitti(u;£/e) — means that 
generically over S, lox/s is generated by one element and hence it is a line bundle. 
Therefore the general fiber of / is Gorenstein. Hence the index 1 cover of any 
singularity of X is etale away from the central fiber. Now since the index 1 cover 
of any singular point of X is assumed to be complete intersection, it follows that 
the general fiber of / is also complete intersection. Then applying the arguments 
of the proof of Proposition lll.lO| we get the claimed result. □ 

12. Smoothing criteria. 

Let X be a proper pure and reduced scheme of finite type over a field k. More- 
over, assume that the singular points of X are either complete intersection or Q- 
Gorenstein with complete intersection index 1 covers. In this section we give some 
smoothing and non-smoothing criteria for such schemes X . Following the method- 
ology of this section and the methods developed in previous sections, one could also 
give similar criteria for algebraic germs Y C X . However, for the sake of simplicity 
we will only consider the case X = Y. 

In what follows we denote by D either Def(X) or Def qG (X) and by T l D {X) 
either T\X) or T* G (X). 

The sheaves Tjj(X) are fundamental in the study of the deformation theory of 
X. However they can be extremely complicated. The reduced part of their support 
is contained in the singular locus of X but it may have embedded components. 
This happens even in the simplest cases. For example if X is the pinch point given 
by x 2 — y 2 z = 0, then T X (X) = k[x, y, z]/(x, y 2 , yz) and it has an embedded point 
over the pinch point. This makes any calculation involving T^(X) very difficult. 
So it is better to consider the pure part of Tjj{X), instead which we define next. It 
is just a generalization of the notion of torsion free. 

Definition 12.1. Let X be a pure and reduced scheme and T a coherent sheaf on 
X of dimension d. Let J-4-1 C J- be the maximal subsheaf of T of dimension at 
most d — 1. Then we define, 

(1) The support of the torsion part of T to be the support of Td-\- 

(2) The rank of T,rk{T), by 

rfc(J r ) = max^{length(J-^), where £ is a generic point of the support of J-} 

(3) The pure part of J-, p{J~), to be the quotient T/Td-i- This is pure of 
dimension d. 

Let X n — > SpecA„ be a deformation of X over A n and let X n -i — X n ^In- 
Then from our discussion in sections [H [101 it is follows that in order to understand 
the obstructions to lift X n to a deformation X n+ \ over A n+ i, it is important to 
study the sheaves T n and Tjj{X)/ T n , where T n C Tq(X) is the cokernel of the 
natural map Tx n /A n 2x n _ 1 M„_i- The next lemma does this in some cases. 
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Lemma 12.2. Let X — > A = Spec(R) be a deformation of X, where (R,m) is 
a DVR. Let X n = X ® R R/m n+1 and (as in Proposition WJU\) T n C T^(X) the 
cokernel of the natural map T Xn /A n ~ > Tx„-x/A„-u where A n = R/m n+1 . Then 

(1) There is an injective map 

4>: Th(X/A) -» limTh(X n /A n ) 

where T^(X / A) is the m-adic completion of T^(X / A). Moreover, <ft is an 
isomorphism at any local complete intersection point of X. 

(2) Suppose that X is unobstructed at any generic point of its singular locus 
and that X is a smoothing. Then there is no £ Z such that 

(a) 

rk(T 1 D (X)/T n )=Q 

if n > no, and 

(b) ' 

< rk(Th{X)/T n ) < rk(Th(X)) 
for all n < uq. 

(c) Suppose that at any generic point £ of the singular locus of X, X is a 
hypersurface singularity (/ = 0) C C" with fi(f) = r(f), where /J,(f), 
r(/) are the Milnor and Tjurina numbers of f . Then if X is smooth 
at £, rk(T^{X)/T n ) = 0, for all n. 

Proof. Let t be a generator of the maximal ideal of R. Then the exact sequence 



i+i 



-> Ox -» Ox -> Ox n -» 

gives the exact sequence 
(12-1) 

— > Tat/a * 

where Tp(X/A) is a sheaf supported on the non complete intersection singular 
points of X. Then it follows that there are injections 

<t> n : T^(X/A)/t n+1 T^(X/A) T^(X n /A n ) 

Passing to the inverse limits we get the map <j> claimed. Moreover, since </>„ are 
isomorphisms at any complete intersection point of X, <f> is an isomorphism too. 

Suppose that X is a smoothing and that at any generic point of its singular 
locus, X is unobstructed. Then at any generic point £ of the singular locus of X, 
T^(X/A)^ = and the argument of the proof of proposition 1 1 1 . 1 Ol shows that there 
is an no G Z such that T^(X n /A n )^ = T^(X n -i/A n -i)^ for all n > no. In fact 
something stronger holds. Suppose that there is k £ Z such that Tjj(X k /A k )^ — 
T^(X k -i/A k -i)i. Then we will show that Tj ) {X n /A n ) i = T^X^/A^)^ for 
all n > k. From (112. 1|) it follows that 

Th(X n /A n ) e = Th(X/A)s/t n+1 Th(X/A)s 

for all n and hence, since T^(X k /A k )^ = T})(X k -x/ A k -i)& 

t k+1 T})(X / A)^ = t k T^(X/A) i 

and consequently 

f^ThiX/A^^TThiX/A^ 
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for all ?i > k. Hence T^ ) (X n /A n ) i = Tl(X n -i/A n -i) 6 , for all n > k. 
Moreover, by Propositions 19.101 110.101 there is an exact sequence 

(12.2) -> T^{X)/F n -> Th{X n /A n ) h TA(X„_i/A„_i) 

and hence it follows that there is a no € Z such that generically along the singu- 
larities of X, <j) n is an isomorphism for all n > no, but not if n < uq. Therefore 
rk(Tl(X) I 'T n ) = 0, if n > n , and < rk(T^(X)/T n ) < rk(T^(X)), if n < n 0j as 
claimed. 

Let ^ £ I be a generic point of the singular locus of X and let -ftT = fc(C^^). 
Suppose that at £, X is a hypersurface singularity given by (/ = 0) C C" and 
/•*(/) = If ^ is smooth at £, then dim A - T^X / A) = But since by 

assumption /_«(/) = t(/) = dimRrT^(X), it follows from (TiTT]) that T^(X/A) = 
T^(X) and hence tT^{X/A) = 0. Therefore, f'T^X / A) = 0, for all n, and hence 

Tl(X n /A n ) = ThiX^i/A^x) = Th{X/A) 

for all n. Hence from[T22]it follows that rk(T^(X)/T n ) = 0, for all n, as claimed. 

□ 

The next theorem gives some conditions under which X is not smoothable. 

Theorem 12.3. Suppose that H°(p(T^(X))) = and that at any generic point of 
the singular locus of X , X is complete intersection. Let Z be the support of the 
torsion part of T^(X) and let f: X — > A be a one parameter deformation of X. 
Then 

(1) X sm 3 c X sm 3 , where X sina and X sm s are the singular parts of X and X. 
In particular, X is not smooth. 

(2) Suppose in addition that H^(p(T^(X))) = and that at any generic point 
£ of the singular locus of X , X is analytically isomorphic to [x\ + - ■ -+x\ = 
0) C C". Then there is a proper closed subset W of the singular locus of 
X , such that X — W is locally trivial. In particular, the general fiber X g of 
f is singular and hence X is not smoothable. 

Corollary 12.4. Suppose that T^(X) is pure and H° (T^(X)) = 0. Suppose also 
that the general singularity of X is analytically isomorphic to (x\ + ■ ■ ■ + x\ = 0) C 
C n . Then X is not smoothable. 

In particular the previous corollary applies to schemes with only normal crossing 
singularities. 

Proof of Theorem \12.3[ Let X — > A be a deformation of X over A = Spec(i?), 
where (i?, m) is a discrete valuation ring. Suppose that X is not trivial at any 
generic point of the singular locus of X. Let X n = X Xa Spec(i?/m"). By our 
assumptions, every section of Tjj(X) vanishes generically along the singularities of 
X. The theorem will follow if we show that 

(1) Tp(X / A) has a section s that does not vanish generically along the singular 
locus of X. 

(2) Any section of Tp(X n /A n ) vanishes generically along the singular locus of 
X for any n. 

Indeed, if there is a smoothing X, then by (1) there is a section s of Tp(X/A) 
that does not vanish at any generic point of the singular locus of X. But then by 
Lemma fl2. 21 1. there is a n 6 Z such that the image s„ of s in Tp{X n / A n ) does 
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not vanish at any generic point of the singular locus of X. But this is impossible 

by (2). 

Next we show (1). Since at any generic point of the singular locus X, X is 
complete intersection, it follows that there is an exact sequence 

(12.3) o -> f*io A = o x ^n x ^ n x/A o 

This gives a section s of £xt x (Q, x i A , O x ) — T 1 (A'/A). If X is also Q-Gorenstein, 
then this gives an element of T^ G (X/A). Since X is pure, X n is also pure and 
hence there is an exact sequence 

(12.4) -f Xn -» V x ® 0x Xn -» ^x n /A n -> 

which gives an element of T 1 (X„/A„) = £xt x (£lx„/A n i Ox„)- If <^ i s a l so Q" 
Gorenstein, then this gives an element of T^ G {X n /A n ). Next we claim that the 
extension 112.31 is not split, not even generically split along the singular locus of X. 

Case 1. Suppose that X is smooth and that 112.31 is generically split along the 
singular locus of X. Then Q x = fl x i A © O x and hence £l x / A is free and hence fix 
is free which is of course not true. Hence in this case, 112.31 is not even generically 
split. 

Case2. Suppose that the general singularity of X is analytically isomorphic to 

(12.5) (s?+." + a£ = 0)cC 

Then if 112.31 was generically split, then generically over the singular locus of X, 

(12.6) Ex&iSlx, O x ) £ Ext^(^ /A , O x ) 

Around the generic point £ of the singular locus of X we may assume that X is a the 
singularity given bv !12.5l Hence now all Ext spaces involved are finite dimensional 
over K = k(Ox,^)- We will now show by direct computation that that 112.61 is 
impossible. In suitable local analytic coordinates, X is given bv ll2.5l and. by using 
the Weierstrass preparation theorem, X by 

x\ H x\ + t s g(x k+ i, ...,x n ,t)=0 

where g ^ and t does not divide g. Straightforward calculations show that 

Ext 1 (Cl O ) = M x l; ) X n, t] 

X ' ' {x 1 ,...,x kl t s dg/dx k+ i,... 1 t s dg/dx n ,st s - 1 g + t s dg/dt,t s g) 
and similarly 

Ext 1 (fl x a O x ) = M^lj • • • ' x n,t] 

X X/Al X (x 1: . . . ,x k ,t s dg/dx k+1 , . . . ,t s dg/dx n ,t s g) 

If Ext x {n x ,O x ) £ Ext x {n x/A , O x ), then 

st^g + t s dg/dt e(x 1 ,...,x k , t s dg/dx k +i, t s dg/dx n , t s g) 

and hence there are polynomials hi, h £ fefxi, . . . , x n , t] such that 

n 

st s - 1 g + t s dg/dt= h i t s dg/dx l + ht s g 

i=s+l 

and therefore t|g, which is impossible. This shows part (1) of the claim. 

Next we show (2). We proceed by induction on n. n = 1 is true by assumption. 
By Lemma [1221 there is no e Z such that rk((T^(X)/T n ) = 0, for all n > n and, 
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since rk{T^(X)) = 1, rk((T^(X) / ' T n ) = 1, for all n < n . Hence p(T£,(X)/f n ) 
p(T^,(X)), for all n< n . 

Suppose that n < tiq and construct the pushout diagram 



0- 



T l D {X)/T n 



■ T x {X n /A n ) ■ 

7n 



■ ^(-^n-l/Ai-l) 



0- 



■p{Tb(X)/r n ) 



■T 1 (X n _i/A n - 1 ) 



with Ker(/3„) = Ker(7„) supported on Z. Let M„ = CoKer(a„). Then there is a 
commutative diagram 



0- 



■0 = J ffO(p(Ti ) (X))) 



H° z (M n 



■H x (p(Th(X))) 



h 



0- 



o = if (p(ri(x))) 



■ff°(M„) 



Now /3 is an isomorphism by induction and Hj^(p(T 1 :) (X))) = 0, by assumption. 
Hence, by the five-lemma, fi is also an isomorphism and therefore all sections of 
Q n are supported on Z . Now there is an exact sequence 

-> Ker( 7 „) ^ T\X n /A n ) -> Q„ -> 

and since Ker(/3„) = Ker(7„), Ker(7„) is supported on Z. Let U = X — Z. Then 
T 1 (X n /A n )|[/ = Q n \u and hence, since the sections of Q n are supported on Z, 
the sections of T 1 (X„/A„) are also supported on Z. Hence for all n < no, the 
sections of T 1 (X„/A„) are supported on Z. If n > no, then rk(Tl ) (X)/J r n ) = 
and hence Z' n = Supp(T^ ) (X)/^ r n ) is a proper subset of X smg . By induction, all 
sections of T 1 (X„_i/yl n _i) are supported on a proper subset Z n —\ of X sm9 . Let 
Z n = Z' n U Z n _! and U n = X - Z n . Then T 1 (X„/A„)| C / 7i = T l (X n _ i /Ai-l ) 1 1/„ 
and hence all sections of T 1 (X n /A n ) are supported on Z„. This shows (2). 

It remains to show part (1) of the theorem. This is a local result and hence we 
may assume that X is affine and X smooth. Then from Lemma [1221 it follows that 
rfc((T^,(X)/^ r „) = 0, for all n. Then the previous proof shows that the sections of 
Tfj{X n /A n ) vanish at any generic point of the singular locus of X, for all n, and 
part (1) follows as before. □ 

Next we present some smoothing criteria. 

Theorem 12.5. Let X be a proper pure and reduced scheme of finite type over a 
field k of characteristic zero. Let D be either Def(X) or Def qG {X). Moreover 
assume that 

(1) X has complete intersection singularities if D = Def(X), or 

(2) X is locally smoothable and the index 1 cover of any singularity of X has 
complete intersection singularities, if D — Def q (X). 

Then ifT^(X) is finitely generated by its global sections and H 1 (Tp(X)) = H 2 (Tx) = 
0, X is D -formally smoothable. 

Corollary 12.6. If every deformation of X is effective then X is D '-smoothable. 

Remark 12.7. (1) The requirement that X is proper can be replaced by the 
more general requirement that Def(X) has a hull. 
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(2) The conditions of the theorem on the vanishing of the obstructions are 
rather restrictive but there are cases when they are satisfied. We mention 
two of them. The first case is when there is a proper morphism / : X — > 
SpecA, such that dim/ _1 (s) < 1, for all s G SpecA Then by the formal 
functions theorem it follows that H 2 (Tx) = 0. This is for example the 
case of birational maps with at most one-dimensional fibers. The second 
case is when X is a Fano variety with only double point normal crossing 
singularities such that T 1 (X) is finitely generated by its global sections. 
Then H^T^X)) = H 2 (T X ) = [Tzi09aj . 

Proof of Theorem \12.5[ For simplicity I will only do the case when D = Def(X). 
The Q-Gorenstein case is exactly similar. One has only to lift the following argu- 
ment to the index 1 covers. 

The conditions of the theorem imply that Dei(X) exists and is smooth. Let 
Si, . . . , Sfe £ H° (T 1 (X)) be sections that generate T 1 (X). Since Dei(X) is smooth, 
the sections s\, . . . , s/- lift to a formal deformation f n : Y n S n of X over S n — 
Spec(S/rn^ + ), where S = k[[ti, . . . , ife]] and ms its maximal ideal. Let /: y — > S 
be the corresponding morphism of formal schemes. We will show that y is smooth 
over Specf-ftT(S'). Let U C X be the smooth locus of X. Then f\jj is smooth and 
hence since X is pure, it follows that there is an exact sequence [TaLoRo07] 

(12.7) /* Os -> h y -> Q y/S -> 

Moreover, Sl s = = 0%, where R = k[t 1} . . . ,t k }. Hence f*fls = O y and 
dualizing the previous sequence we get 

(12.8) Rom y (n y , o y ) -^o y i T\y/s) -> T\y) 

But by construction </> is surjective and therefore 

T 1 (y) = Exty(n yi O y ) = Q 

Claim: Oy and Oy (E>s K(S) have smooth local rings. 

The result is local and hence we may assume that X is affine given by Ox 
■ ■ . . . , x m ]/(f), where (/) = (/i, . . . , / s ) is a complete intersection. Then Ox„ — 
S n [xx,..., x m ] /(/„), where (/„) is a lifting of (/) on S n [xi, . . . , x rn ] and hence 

(12.9) Oy=lunO Xn = S[ ^'---' X 7 m l A 

where S[xi, . . . , x rn ] A is the mg-adic completion of S[x\, . . . , x m ] and f i = \imf^ n \ 
Let 

o -> o r x -> 0% -» n x -> 

be a presentation of fix , where m — r = dim Ox ■ Then this exact sequence lifts to 
compatible exact sequences 

-> O r Xn -> C™„ -> -> 
Moreover, = limOx„ , and hence taking inverse limits and taking into consid- 
eration that fly = limOe) Xfi |TaLoRo07] we get an exact sequence 

-» -» -► fiy -► 
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This extension is trivial since Exfry(Qy,Oy) = 0. Hence 

o^ ^o y ®n y 

and hence fly is locally free of the rank claimed. This implies that Oy has geomet- 
rically regular local rings. Indeed, let P G X be a point and mp the maximal ideal 
of Oy.p. Then since k is perfect it follows that [Eis95 

m p /mp = ily ® A;(P) 

and therefore dim fc( -p) mp/mp = dimOy^p and hence 0y,p is geometrically regular 
and therefore smooth. Since any localization of Oy is a localization of Oy.p, for 
some P € X, it follows that Oy has smooth local rings. In particular, since any 
localization of Oy <S>s K(S) is a localization of Oy, Oy £g>s -^(SO is smooth. 
Since fly = O-y, where d = dimJT, the sequence 112.81 becomes 

o y % o y ^ r^y/s) -» r 1 ^) -» o 

and as in the usual scheme case, ^ is given by the jacobian matrix J — [df.Jxj). 
Since Oy ®sK(S) is smooth, it follows that J has maximum rank at all localizations 
of Oy ®s K(S). Therefore, V ®S K{S) is surjective and hence T^ty/S) is torsion 
over S. Hence there is a formal arc A = Specffc[[t]] — > SpecS* such that in the fiber 
X = y x Spec fs Specffc[[i]], T 1 (A'/A) is torsion over k[[t]] and hence there is I 6 N 
such that t'T^/A) = and therefore X -> A is a formal smoothing of X. 

□ 

The previous proof shows that 

Corollary 12.8. With assumptions as in Corollary \1 2. 6\ suppose that T^(X) = 
Oz, where Z is the singular locus of X. Then there is a smoothing f: X — > A of 
X such that 

(1) X is smooth if D = Def(X); 

(2) the singularities of X are smooth quotients if D = Def qG (X). 

There is one nice and very simple case when T 1 (X) is finitely generated by its 
global sections. 

Corollary 12.9. Let X be a projective local complete intersection field over a field k 
of characteristic zero. Let X C Y be an embedding such that Y is smooth. Suppose 
that Mx/y is finitely generated by its global sections and H 1 (T 1 (X)) = H 2 (Tx) = 0. 
Then X is formally smoothable. 

Proof. Dualizing the conormal sequence for X <zY we get a surjection 

■A/jf/y — * T 1 (X) — > 

Hence T 1 (X) is finitely generated by its global sections too and hence X is formally 
smoothable. □ 

Next we give a similar criterion for Q-Gorenstein deformations. 

Corollary 12.10. Let X be a projective Q-Gorenstein scheme defined over a field 
k of characteristic zero. Suppose that its Gorenstein points are complete intersec- 
tions and the high index points are complete intersection quotients. Let X C Y be 
an embedding such that locally around any point P S X , P £ Y is a general de- 
formation of P G X . Suppose that Mx/y * s finitely generated by its global sections 
and H l {T^ G {X)) = H 2 (T X ) = 0. Then X has a Q-Gorenstem smoothing. 
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Proof. Dualizing the conormal sequence for X C Y we get a sequence 

Nx/y T X (X) —* Ex£x(VLy ® Ox, Ox) — > 

We claim that Im((/)) = Tj" G (X) and hence if Nx/y is generated by global sections, 
so is Ty G (X). The claim is local at the singularities of Y and hence we may assume 
that Y is affine. By assumption, Y is smooth at any index 1 point and in this case 
we are done. Asssume then that Y index r > 1. Let n: Y — » Y be the index 1 
cover. Then X = tt~ 1 {X) is the index 1 cover of X. Moreover, since by assumption 
Y is the general deformation of X, Y is smooth and hence there is a surjection 

Af x/ y^T\X)^Q 

Let G be the Galois group of the ir. Then taking invariants we get that 

N$ / y=N x /Y^T q 1 G (X)^0 

as claimed. 

□ 

In general, if X C Y and Nx/y is finitely generated by its global sections, or 
even better, ample, then X has nice deformation properties. Considering cases 
with respect to the singularities of X (like normal crossings) and the shape of the 
singular locus of X, one can get various kinds of criteria similar to the previous 
corollary for the smoothability of X, without even refering to T 1 (X). Let Z be the 
the singular locus of X. In general T 1 (X) is not a sheaf of O^-modules. It usually 
has an embeded part and in fact sometimes even Z is an embeded component of 
its support (this for example happens if X is given by xy + z n = in C 4 , n > 3). 
So it is rather difficult to describe T 1 (X) directly and check if it is generated by 
its global sections. However, if the singular locus of X is 1-dimensional, then it is 
possible to give criteria for the finite generation oiT 1 (X) without any reference to 
its embeded part. 

Theorem 12.11. Let X be projective scheme with singularities as in Theorem ] 1 2. 5\ 
and let Z be its reduced singular locus. Suppose that dim Z = 1 and that 

(1) p(I z Tjj(X) I I z l T]y(X)) is generated by its global sections, for all k > 0. 

(2) 

H\p(I k z Th(X)/I k z +1 Th(X))) = 

for all k > 0. 

(3) 

H l {p{T l D {X) <g> O z )) = H 2 (T X ) = 
Then X is D -formally smoothable. 

Proof. Let T k C /|T 1 ,(X)/4 +1 T^(X) be the maximal zero-dimensional subsheaf 
of I z Tl ) (X)/I z +1 Tl ) (X). Then there is an exact sequence 

- H°(T k ) - H°(I z Th(X)/I z +1 Th(X)) - H°(p(I z Th(X)/I z +1 Th(X))) -> 

Hence if p{I k z T^(X) /I Z +1 T^(X)) is generated by its global sections, so is I z Tl(X)/I z +1 Tl(X). 
There are also exact sequences 

- /ItA(X)/4 +1 tA(X) -> TA(X)/4 +1 Ti,(X) - Th(X)/I k z Th(X) -> 

for all k > 0. Hence by induction, Tp{X)/I z Tp{X) is finitely generated by its 
global sections, for all k. But since T^(X) is supported on Z, I z l T}j{X) = 0, for 
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m sufficiently large. Hence T]~,{X) is finitely generated by its global sections and 
hence by Theorem If 2.51 X is D-smoothable. □ 

If X is normal crossings at any generic point of its singular locus, then p(T 1 (X)) 
is an O^-module and hence one needs only to take k = in the conditions of the 
theorem. 

Corollary 12.12. With assumptions as in the previous theorem, suppose in addi- 
tion that X is normal crossings at any generic point of its singular locus, p(Tp(X)) 
is finitely generated by its global sections and that H 1 {p(T^ ) (X))) = H 2 (T X ) = 0. 
Then X is smoothable. 

13. Examples 

In this section we apply the theory developed in the previous parts of the paper 
to give some examples from the theory of moduli spaces of stable surfaces and the 
three dimensional minimal model program. 

1. In this example we construct a few classes of locally but not globally smooth- 
able stable surfaces with normal crossing singularities. Hence the irreducible com- 
ponents of the moduli space of stable surfaces that they belong to, do not contain 
any smooth surfaces of general type. Therefore these are extra components that 
appear after the moduli space of surfaces of general type is compactified by adding 
the stable surfaces. 

1.1. Let X be a projective surface with exactly one singular point P such that 

a. Kx = kA, where A is very ample and k > 2 is an integer. 

b. Pelis analytically isomorphic to the cone over a smooth projective plane 
curve of degree 4. 

Note that such surfaces do exist. Take for example IcP 3 given by (x 2 , + x^)xq + 
{xl+xl)x\ + {xj+x 2 )xj = 0. 

Let /: Y — > X be the blow up of X along P. Then Y is smooth and the /- 
exceptional divisor is a smooth curve E C P 2 of degree 4 such that Ne/y = Oe{— 1) 
and hence E 2 — —4. Moreover, a straightforward calculation shows that 

K Y = f*Kx - IE. 

Let Z be obtained by glueing two copies of Y along E. This is a surface with normal 
crossing singularities and I claim that Kz is ample and Z is not smoothable. 

By jPr83] or |Tzi09j . T X (Z) = N e /y®Ne/y = O e (-2) and hence H ^ 1 (X)) = 
0. Hence by Theorem 112.31 Z is not smoothable. 

Next we show that Kz is ample. For this it suffices to show that Kz\zi, i = L 2, 
is ample, where Zi = Y are the irreducible components of Z . It is not difficult to 
see that 

K z \ Zi =K Y +E = f*K x -E 

This is ample if and only if (f*K x - E) 2 > and (f*K x - E) ■ D > 0, for any 
irreducible curve D C Y. Now 

(f*K x - E) 2 = K\ — 4 = k 2 A 2 - 4 > 

since k > 2 and A is very ample, hence A 2 > 1. Let D C Y be an irreducible curve 
and C = f*D. Then 

(f*K x — E) ■ D = K x ■ C — E ■ D = kA ■ C — m P {C) = fcdeg(C) - m P (C) 
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where mp(C) is the multiplicity of C at P and degC is the degree of C with respect 
to the embedding defined by A. Then deg(C) > mp(C) and hence since k > 2 it 
follows that 

(f*K x -E)-D>0 

and therefore Kz is ample as claimed. 

1.2 Let X be a smooth projective surface with K x ample. Suppose that X 
contains a smooth curve C with p a (C) > 2 and Kx ■ C > 2(p a (C) — 1). 

Such surfaces do exist. For example, let C C P 3 be a smooth plane curve of 
degree k > 4 given by fk(x,y,z) = t = 0, where fk(x,y,z) is a homogeneous 
polynomial of degree k > 4, and A C P 3 be the hypersurface of degree d > k + 1 
given by 

9d-k(x,y,z,t)f k (x,y,z) + th d ^ 1 (x,y, z,t) = 0, 

where gd-k(x,y,z,t) and hd-i(x,y,z,t) are homogeneous polynomials of degrees 
d — k and d — 1. For general choice of gd-k{x,y, z,t) and hd-i(x, y, z, t), X is a 
smooth surface containing C. Moreover, 0x(Ax) = Ox(d — 4) and hence 

K x -C = degO c (d - 4) = (d - 4)fc > fc 2 - 3fc = 2(p Q (C) - 1), 

since g? > fc + 1 and fc > 4. Moreover, Jf^ is ample. 

Let Z be obtained by glueing two copies of X along C. This is a surface with 
normal crossing singularities and I claim that Kz is ample and Z is not smoothable. 

Let Z\, Zi be the two irreducible components of Z. By construction, Zi = Z, 
i = 1,2. Then i^z is ample if and only if Kz\z t is ample, i = 1,2. As in the 
previous example, Kz\zt — Kx + C 1 . By construction, + C is ample and hence 
Kz is ample. 

By adjunction, Nq/x — w c ® w^ 1 and therefore 

degAA c/x - 2 Pa (C) -2-K x -C<0, 

by assumption. As in the previous example, T : (A) = Nc/x ®Nc/x- Hence T X (X) 
is a line bundle on C of negative degree. Therefore if°(T 1 (X)) = and A is not 
smoothable by Theorem 112.31 

2. In this example we construct a terminal 3-fold divisorial extremal neighbor- 
hood f:Y—>X such that the general member of \Oy \ is not normal. 

Let U be the germ of a smooth surface around the configuration of rational 
curves 

-2 -2 -2 -3 -2 -3 -1 -2 -5 
O O O O • O • O O 

Let h : U — > Z be the contraction of all the curves except the ones marked by a 

~ / 

solid circle. Then we get a map Z — > T contracting two smooth rational curves 
C\ and C2 to a point £ T such that G T is an A$ singularity, and Z has 
exactly three singular points Pi G Ci, P2 G C2 and Q = Ci fl C2. It is easy to 
see that (Pi G Z) = 1/9(1,5), (P 2 d) = 1/9(1,-5), and (Q e Z) = 1/3(1,1). 
Let Z be obtained from Z by identifying Ci and C2 via an involution of C\ + C-j 
taking P\ to P2 and leaving Q fixed. Let 7r : Z — > Z be the quotient map. Then 
the singular locus of Z is a smooth rational curve C, 7r -1 (C) = Ci + C 2 and Z 
has one singularity analytically isomorphic to (xy = 0)/Z(5, —5, 1), one degenerate 
cusp analytically isomorphic to x 3 + y 3 + xyz = and is normal crossings at all 
other singular points. Moreover, Z is the normalization of Z and there is a natural 
morphism / : Z — > T contracting C to G T. 
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Straightforward calculations show that Kz ■ C = —1/9 < 0. Moreover since U is 
the minimal log-resolution of C C Z, degp(T^ G (Z)) = -2-1 + 1 + 3 = 1 |Tzi09j and 
hence p(T^ G (Z)) = Opi(l). Hence by Corollary II 2. 12\ there exists a Q-Gorenstein 
smoothing Y — > A of Z. Now / extends to a morphism g : Y — > X over A, where X 
is a deformation of T Ko-Mo92] . Now g : Y — > X is a 3-fold extremal neighborhood 
and Z £ \Oy\ is the general member. Moreover, the neighborhood is divisorial since 
X is Gorenstein. 

Finally I would like to remark that the method of producing 3-fold extremal 
neighborhoods by deforming birational surface morphisms / : Z — > T is fundamen- 
tal in the classification of flips by Kollar and Mori Ko-Mo92 and in principle it 
could be used in higher dimensions in order to understand higher dimensional flips 
and divisorial contractions. 
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